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Stndy o f  optimal ordering policies for time varying decay rate of inventory. 1

1.1 Introduction :

Operations Research is a scientific approach to problem solving for 

executive-decision making which requires the formulation of mathematical, economical 

and statistical models for decision and control problem to deal with situations arising out 

of risk and uncertainty. In the process of managing various subsystems of the 

organization, executives at different levels of the organization have to take several 

management decisions. These decisions are categorized into strategic decisions, 

tactical decisions and operational decisions. The strategic decisions are taken at the top 

management level where the definition of goals, policies and selection of decisions are 

in favor of the organizational objectives. The tactical decisions are taken at middle 

management level which include acquisition of resources, plant location, new products 

establishments and monitoring of budgets. The operational decisions, which are taken 

at the bottom level of management, include effective and efficient use of existing 

facilities and resources to carry out activities within budget constraints.

Operational 
Decisions 

(Bottom Level)

Fig. 1.1 Hierarchy of decisions at different levels of management
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T h u s , O p e ra t io n s  R e s e a rc h  m a y  b e  c o n s id e re d  a s  th e  a p p lic a tio n  o f  

s c ie n tific  m e th o d s  to  d e c is io n  m a k in g  p ro b le m s  a ris in g  fro m  o p e ra tio n s  invo lv in g  

in te g ra te d  s y s te m s  o f p e o p le , m a c h in e s  a n d  m a te r ia ls . T h e  a im  o f th e  o p e ra tio n s  

re s e a rc h  is to  fin d  th e  b e s t p o s s ib le  c o u rs e  o f a c tio n  o f a  d e c is io n  m a k in g  p ro b le m  w ith  

o r  w ith o u t s o m e  c o n s tra in ts . In  d e p a r tm e n ta l s to re s  o r  s h o p s , in d u s tria l un it, th e  

s to c k in g  o f ite m s  d e p e n d s  u p o n  th e  v a r io u s  fa c to rs  v iz . d e m a n d , t im e  o f o rd e rin g , t im e  

g a p  b e tw e e n  o rd e rs  a n d  a c tu a l re c e ip ts , d e te r io ra tio n , e tc . S o  th e  p ro b le m  fo r  th e  

m a n a g e rs  /  re ta ile rs  is to  h a v e  a n  e q u ilib riu m  b e tw e e n  o v e r-s to c k in g  a n d  u n d e r­

s to ck in g . T h e  s tu d y  o f s u c h  ty p e  o f p ro b le m s  is k n o w n  a s  In v e n to ry  C o n tro l.

T h e  te rm  “in v e n to ry ” is u s e d  to  in d ic a te  ra w  m a te r ia ls  in  p ro c e s s , fin is h e d  

p ro d u c t, p a c k a g in g , s p a re s  a n d  o th e rs -s to c k e d  in o rd e r  to  m e e t  a  d e m a n d . T h o u g h  

in v e n to ry  o f m a te r ia ls  is a n  id le  re s o u rc e -  it is n o t m e a n t  fo r  im m e d ia te  u s e -  it is a lm o s t  

e s s e n tia l to  m a in ta in  s o m e  in v e n to ry  fo r  th e  s m o o th  fu n c tio n in g  o f a n  e n te rp r is e . T h e  

m a in  o b je c tiv e  o f in v e n to ry  c o n tro l is to  re d u c e  in v e s tm e n t in in v e n to r ie s  a n d  e n s u rin g  

th a t  p ro d u c tio n  p ro c e s s  d o e s  n o t s u ffe r  a t  th e  s a m e  tim e .

T h e  fo llo w in g  tw o  b a s ic  q u e s tio n s  a r e  to  b e  a n s w e re d  to  a tta in  v a r io u s  

o b je c tiv e s  in a n  in v e n to ry  co n tro l s itu a tio n :

(1 )  W h a t  is th e  o p tim u m  q u a n tity  o f a n  ite m  th a t s h o u ld  b e  o rd e re d ?

(2 )  W h e n  s h o u ld  th e  o rd e r  b e  p la c e d ?

In p ra c tic e , it is n o t e a s y  to  d e te rm in e  a  s u ita b le  in v e n to ry  p o licy . A n  

in v e n to ry  p ro b le m  is a  p ro b le m  o f m a k in g  o p tim a l d e c is io n s  re g a rd in g  th e  a b o v e  

q u e s tio n s . O u r  a im  is to  d e v e lo p  th e  o p e ra tin g  d e c is io n s  th a t  s h o u ld  b e  u s e d  to  co n tro l 

th e  in v e n to ry  s y s te m  w ith  th e  h e lp  o f m a th e m a tic a l a n a ly s is . F o r  th is , w e  n e e d  to  

c o n s tru c t a  m a th e m a tic a l m o d e l o f th e  in v e n to ry  s y s te m . S u c h  a  m a th e m a tic a l m o d e l is 

b a s e d  o n  v a r io u s  a s s u m p tio n s  a n d  a p p ro x im a tio n s .
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1.2 Basic Concepts and Terminologies :

The inventory system depends on the following parameters:

• Demand : The number of units required per period is called demand. It may be 

either deterministic or probabilistic. In the deterministic case, it is assumed that 

the quantities needed over subsequent periods of time are known with certainty. 

This may be expressed over equal periods of times in terms of known constant 

demands (referred as static demand) or in terms of known variable demands 

(referred as dynamic demand).

Probabilistic demand occurs when requirements over a certain period of 

time are not known with certainty but their pattern can be described by a known 

probability distribution. The demand for a given period may be satisfied 

instantaneously at the beginning of the period or uniformly during that period. The 

effect of instantaneous and uniform demand reflects directly on the total cost of 

holding inventory.

• Lead-Time : The time gap between placing of an order and its actual arrival in 

the inventory is known as lead-time.

Lead-time has two components viz. administrative lead-time from initiation 

of procurement action until the placing of an order, and the delivery lead-time 

from placing of an order until the delivery of the ordered material.

• Planning Horizon : The time period over which the inventory level will be 

controlled is called the time horizon. It may be finite or infinite depending upon 

the nature of the inventory system of the commodity.
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• Order Cycle : The time period between placement of two successive orders is 

referred to as an order cycle. The order may be placed on the basis of the 

following two types of inventory review systems.

(A) Continuous Review: The record of the inventory level is checked 

continuously until reorder is reached when a new order is placed. This is also 

known as the two-bin system. This divides the inventory into two parts and 

places it physically in two bins. Items are drawn from only one bin and when it 

is empty, a new order is placed. Demand is then satisfied from the second bin 

until the order is received. Upon receipt of the order, specified items are 

placed in the second bin and the remaining items are placed in the first bin. 

Every time this process is repeated.

(B) Periodic Review: In this system the inventory levels are reviewed at equal 

time intervals and orders are placed at such intervals. The quantity ordered 

each time depends on the available inventory level at the time of review.

• Reorder Level : The level between maximum and minimum stock, at which 

purchasing activities must start for the replenishment is known as reorder level.

• Deterioration : Decay or deterioration is defined as a physical process which 

hinders an item from being used for its original purpose such as (i) spoilage, as in 

perishable food stuffs, fruits and vegetables; (ii) physical depletion, as in pilferage 

or evaporation of volatile liquids such as gasoline, perfumes, alcohol; (iii) decay 

as in radioactive substances, degradation, as in electronic components or loss of 

potency as in photographic films, pharmaceutical drugs, fertilizers etc. For 

perishable goods such as dairy products, bakery items, vegetables, etc. it is 

observed that the age of inventory has a negative impact on consumer 

confidence for reasons such as (a) proximity to expiry dates ( for applicable
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items) , (b) detrimental effects on the quality if the product because of aging of 

inventory, and (c) general conception that an item lying unsold for a long time 

may be of inferior quality.

The rate of deterioration is measured by the fraction deteriorated per 

quantity per time unit and it may be constant or vary with time or stocked units.

• Ordering Cost : Ordering cost is the cost associated with ordering of raw 

material for the production purposes. It includes advertisement cost, consumption 

of stationary and postage, telephone charges, telegrams, rents for space used by 

the purchasing department.

• Purchase C ost: The cost of purchasing a unit of an item is known as purchase

cost. The purchase price plays an important role when quantity discounts are

considered for purchases above a certain quantity or when economies of scale 

suggest that the per unit purchase cost can be reduced by a larger production 

run.

• Carrying ( Holding ) Cost : The carrying cost is associated with carrying

inventory. This cost includes the costs such as rent for warehouse used for

storage, interest on the money locked-up, insurance of stored equipment, 

production, taxes, depreciation of equipment and furniture used, etc.

• Shortage Cost : The penalty cost for running out of stock i.e. when an item 

cannot be supplied on the customer’s demand is known as shortage cost This 

cost includes the loss of potential profit through sales of items and loss of good 

will, in terms of permanent loss of customers and its associated lost profit in

future sales.



www.manaraa.com

Study of optimal ordering policies for time varying decay rate o f inventory.__________________________________ 6_

•  S e l l in g  P r ic e  : W h e n  th e  d e m a n d  fo r  c e rta in  c o m m o d ity  is a f fe c te d  b y  th e  

q u a n tity  s to c k e d , d e c is io n  p ro b le m  h a s  p ro fit m a x im iz a tio n  a s  a n  o b je c tiv e , 

in c lu d e s  th e  re v e n u e  fro m  se llin g .

1 .3  L i te r a tu r e  S u r v e y :

H a rris , in 1 9 1 5 , firs t d e v e lo p e d  th e  a n a ly s is  o f  a n  in v e n to ry  s y s te m  a n d  

d e r iv e d  th e  c la s s ic a l lo t s iz e  fo rm u la , th o u g h  E r le n k o tte r  ( 1 9 8 9 )  re p o rte d  th a t  th e  e a r lie s t  

m o d e l w a s  d e v e lo p e d  b y  H a rr is  in 1 9 1 3 . A fte r  a  fe w  y e a rs , W ils o n  (1 9 3 4 )  d e v e lo p e d  

in d e p e n d e n tly  th e  s a m e  fo rm u la  o b ta in e d  b y  H a rr is . T h is  fo rm u la  h a s  b e e n  n a m e d  a s  

H a rr is -W ils o n  fo rm u la  o r  W ils o n ’s  fo rm u la  w h ic h  w a s  fo rm u la te d  u n d e r  c e rta in  s im p le  

a s s u m p tio n s , s u c h  a s  k n o w n  a n d  u n ifo rm  d e m a n d , w ith o u t s h o rta g e s , in fin ite  

re p le n is h m e n ts , n e g lig ib le  le a d  t im e , e tc . H o w e v e r , in re a l- l ife  s itu a tio n s , in v e n to ry  loss  

m a y  b e  d u e  to  d e te r io ra tio n . T h e n  p ro b le m  fo r  d e c is io n  m a k e rs  is h o w  to  co n tro l a n d  

m a in ta in  in v e n to rie s  o f d e te r io ra tin g  item s .

D u rin g  th e  la s t tw o  d e c a d e s , re s e a rc h e rs  a r e  e n g a g e d  in a n a ly z in g  

in v e n to ry  m o d e ls  fo r  d e te r io ra tin g  ite m s  s u c h  a s  v o la t ile  liqu ids , b lo o d , m e d ic in e s ,  

e le c tro n ic  c o m p o n e n ts , fa s h io n  g o o d s , fru its  a n d  v e g e ta b le s  e tc . W h it in  ( 1 9 5 7 )  s tu d ie d  

d e te r io ra tio n  a t  th e  e n d  o f th e  s to ra g e  p e rio d ; fo r  e x a m p le , fo r  th e  fa s h io n  g o o d s  

in d u stry . B e rro to n i ( 1 9 6 2 )  fo u n d  th a t b o th  le a k a g e  fa ilu re  o f d ry  b a tte r ie s  a n d  life  

e x p e c ta n c y  o f e th ic a l d ru g s  c o u ld  b e  e x p re s s ib le  in te rm s  o f W e ib u il d is trib u tio n s , in 

d is c u s s in g  th e  p ro b le m  o f  fittin g  e m p ir ic a l d a ta  to  m a th e m a tic a l d is trib u tio n s . In  b o th  

c a s e s , th e  ra te  o f  d e te r io ra tio n  in c re a s e d  w ith  a g e  o r  th e  lo n g e r  th e  ite m s  re m a in e d  

u n u s e d , th e  h ig h e r th e  ra te  a t  w h ic h  th e y  fa il. A t s o m e  p o in t a ll un its  th a t h a v e  n o t b e e n  

u s e d  w o u ld  h a v e  fa ile d  w h ile  in in v e n to ry . E m m o n s  ( 1 9 6 8 )  c o n s id e re d  th e  d e c a y  o f  

ra d io a c tiv e  n u c lid e  g e n e ra to rs . H e re  th e  d e c a y  is th e  to ta l u s a g e . G h a r e  a n d  S c h ra d e r
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(1963) first developed a mathematical model with a constant decaying rate. They 

classified the phenomena of inventory deterioration into three types, viz direct spoilage, 

physical depletion and deterioration.

The Weibull density function is

F{t) = a p t^~ l e~m^

where

a  denotes the scale parameter; a > 0 

P denotes the shape parameter; ft > 0 

t denotes the time ; t > 0

When used in the context of economic order quantities, the Weibull distribution will 

provide a probability density function that gives the time to deterioration.

Using this concept the Ghare and Schrader’s model was extended by 

Covert and Philip. Covert and Philip (1973) discussed an EOQ model for items with 

Weibull distribution deterioration.

The deterioration rate given by the Weibull distribution is

6( t )  = a  P t^~l ,0 < t < T  (1-3 -1)

where

a  - scale parameter, 0 < a  < 1,

P - shape parameter, p > 1 

t - time to deterioration, t > 0

The scale parameter a of the weibull distribution has same units as that of 

time t. Hence, a change in the scale parameter a has the same effect on the 

distribution as a change of the time scale. Keeping p, the shape parameter constant, 

if a is increased, the distribution gets stretched out to the right and its height
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d e c re a s e s  w h ile  m a in ta in in g  its s h a p e  a n d  lo c a tio n . If a  is d e c re a s e d , th e  d is trib u tio n  

g e ts  p u s h e d  in to w a rd s  z e ro  a n d  its h e ig h t in c re a s e s .

T h e  s h a p e  p a ra m e te r  p d e fin e s  th e  s lo p e  o f th e  w e ib u ll d is trib u tio n . T h e  

p ro b a b ility  d e n s ity  fu n c tio n  re p re s e n ts  o n  -  h a n d  in v e n to ry  d e te r io ra tio n  th a t  m a y  

h a v e  a n  in c re a s in g , d e c re a s in g  o r  c o n s ta n t ra te  d e p e n d in g  o n  th e  v a lu e  o f P (s e e  

W a lp o le  a n d  M y e rs  (1 9 7 8 ) )  a n d  th e  p ra c tic a l a p p lic a tio n s  o f th e  w e ib u ll d is trib u tio n  is 

d e s c r ib e d  in B e rro tto n i (1 9 6 2 ) .

W h e n  P >  1, d e te r io ra tin g  ra te  in c re a s e s  w ith  tim e ;

e .g . fish , v e g e ta b le s , m e d ic in e s .

W h e n  P <  1, d e te r io ra tin g  ra te  d e c re a s e s  w ith  tim e ;

e .g . light b u lb  w h e r e  th e  in itia l b re a k d o w n  ra te  m a y  b e  h ig h e r  d u e  to  

irre g u la r  v o lta g e  a n d  h a n d lin g .

W h e n  P =  1, d e te r io ra tin g  ra te  is c o n s ta n t;  

e .g . e le c tro n ic  p ro d u c ts .

H e re  th e  tw o  p a ra m e te r  w e ib u ll d is trib u tio n  is re d u c e d  to  a n  e x p o n e n tia l d is trib u tio n .

S in c e  th e n , lo t o f w o rk  h a s  b e e n  d o n e  b y  M is ra  (1 9 7 5 ) ,  S h a h  ( 1 9 7 7 ) ,  D a v e  

a n d  P a te l ( 1 9 8 1 ) ,  H o llie r  a n d  M a k  ( 1 9 8 3 ) ,  H e n g  e t. a l ( 1 9 9 1 ) ,  H a r ig a  (1 9 9 5 ) ,  W e e  (1 9 9 5 )  

o n  d e te r io ra tin g  in v e n to ry  s y s te m s . T h e  re v ie w  a r tic le s  b y  R a a fa t  (1 9 9 1 ) ,  S h a h  a n d  

S h a h  (2 0 0 0 ) ,  G o y a l &  G iri (2 0 0 1 )  g iv e s  a  c o m p le te  a n d  u p - t o - d a y  s u rv e y  o f p u b lis h e d  

in v e n to ry  lite ra tu re  fo r  th e  d e te r io ra tin g  in v e n to ry  m o d e ls . M o s t  o f  th e  a d d re s s e d  a rtic le s  

c o n s id e r  th e  e f fe c t  o f  c o n s ta n t d e te r io ra tio n , w h ic h  is a  fu n c tio n  o f th e  o n  h a n d  le v e l o f  

in ven to ry .

O n  th e  o th e r  h a n d , in th e  d e v e lo p e d  m a th e m a tic a l m o d e ls , it is a s s u m e d  

th a t, th e  s h o rta g e s  a r e  e ith e r  c o m p le te ly  b a c k lo g g e d  o r  c o m p le te ly  lost. S h a h  a n d  

J a is w a l ( 1 9 7 7 )  a n d  A g g a rw a l ( 1 9 7 8 )  p re s e n te d  a n d  re fo rm u la te d  a n  o rd e r- le v e l
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inventory m odel with a  constant rate of deterioration. Researchers derived models under 

the assumption that a  fraction of the dem and will be lost while the remaining fraction is 

backlogged. (S ee  W e e  (1995 ), and Yan and Cheng (1998)).

Second stringent assumption in traditional inventory econom ic order 

quantity model w as that the purchaser must pay for the items as soon as it is received 

by the system. In the classical E O Q  m odel, it w as tacitly assum ed that the supplier is 

paid for the items im m ediately on the receipt of the goods. However, in practice, the  

supplier m ay provide a  cash discount and /  or a  credit period to the custom er for the  

settlem ent of the am ount within the permitted fixed settlem ent period. Thus, the delay in 

paym ent to the supplier is a  kind of price discount, since paying later indirectly reduces 

the purchase cost and it can encourage custom ers to increase their order quantity.

Goyal (1985 ) derived an E O Q  m odel under the conditions of permissible  

delay in paym ents. Shah (1993 ) extended G oyal’s model, for deteriorating items. 

Independently, Jaggi and Aggarwal (1995 ) established an inventory m odel for 

deteriorating items w hen delay in paym ents was permissible. Jam al et al. (1997 ) then  

further generalized the m odel to allow for shortages. Shah (1993 ) developed a  

probabilistic version of G oyal’s model. Shah (1993 ) extended it for deteriorating items. 

Shah and Shah (1998 ) developed an E O Q  m odel for constant rate of deteriorating items 

in which time is treated as discrete variable, deterioration of units as continuous variable  

and dem and as a  random  variable. Shah (1997 ) developed a  probabilistic order level 

system with lead tim e w hen delay in paym ents is permissible. Shah and Shah (1996) 

derived optimal ordering policies under the conditions of extended paym ent privileges. 

Jaggi and Aggarwal (1994 ) presented the econom ic ordering policies for deteriorating  

items in the presence of trade credit using a  discounted cash-flows (D C F ) approach  

which permits a  proper recognition of the financial implication of the opportunity cost and
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o u t-flo w  c o s ts  in in v e n to ry  a n a ly s is . S h a h  a n d  S h a h  (1 9 9 6 )  d e r iv e d  o p tim a l o rd e rin g  

p o lic ie s  u n d e r  c o n d itio n s  o f e x te n d e d  p a y m e n t p r iv ile g e s . J a m a l,  S a rk a r  a n d  W a n g  

( 2 0 0 0 )  fo rm u la te d  m o d e l w h e n  re ta ile r  c a n  p a y  th e  w h o le s a le r  e ith e r  a t  th e  e n d  o f th e  

c re d it p e r io d  o r  la te r  in cu rrin g  in te re s t c h a rg e s  o n  th e  u n p a id  b a la n c e  fo r  th e  o v e rd u e  

p e rio d . T h e y  d e v e lo p e d  re ta ile r 's  p o lic y  fo r  o p tim a l c y c le  a n d  p a y m e n t t im e s  fo r  a  

re ta ile r  in a  d e te r io ra tin g -ite m  in v e n to ry  s c e n a r io  w h e re  a  w h o le s a le r  a llo w s  a  s p e c if ie d  

c re d it p e rio d  to  th e  re ta ile r  fo r  p a y m e n t  w ith o u t p e n a lty . H w a n g  a n d  S h in n  (1 9 9 7 )  

d e v e lo p e d  th e  m o d e l fo r  d e te rm in in g  th e  re ta ile r 's  o p tim a l p ric e  a n d  lo t-s ize  

s im u lta n e o u s ly  w h e n  th e  s u p p lie r  p e rm its  d e la y  in p a y m e n ts  fo r  a n  o rd e r  o f  a  p ro d u c t  

w h o s e  d e m a n d  ra te  is a  fu n c tio n  o f c o n s ta n t p ric e  e la s tic ity . O th e r  a rtic le s  re la te d  to  th is  

to p ic  a re  S h in n  e t  a l ( 1 9 9 6 ) ,  C h u n g  (1 9 9 8 ) ,  C h u  e t  a l. (1 9 9 8 )  a n d  T e n g  (2 0 0 2 ) .

R e c e n tly , A rc e lu s  e t  a l ( 2 0 0 1 )  c o m p a re d  p o lic ie s  o f p r ic e  d is c o u n t a n d  

t ra d e  c re d it. T h e y  s tu d ie d  c o m p a ris o n  o f re ta ile r ’s  re s p o n s e  to  s p e c ia l s a le s  in tw o  

s tra te g ie s  o f p ric e  d is c o u n t a n d  tra d e  c re d it . A rc e lu s  e t  a l ( 2 0 0 3 )  d e v e lo p e d  

m a th e m a tic a l m o d e l fo r  re ta ile r ’s m a x im u m  p ro fit w h e n  s u p p lie r  o ffe rs  c re d it p e rio d  a n d  /  

o r p ric e  d is c o u n t o n  th e  p u rc h a s e  o f re g u la r  o rd e r  w h e n  un its  in in v e n to ry  a r e  s u b je c t to  

c o n s ta n t ra te  o f d e te r io ra tio n . In  th is  p a p e r , a n  a t te m p t is m a d e  to  d e r iv e  a n  E O Q  m o d e l  

fo r  t im e  d e p e n d e n t  d e te r io ra tin g  ite m s  in w h ic h  th e  s u p p lie r  p ro v id e s  n o t o n ly  a  c a s h  

d is c o u n t b u t a ls o  a  f ix e d  c re d it  p e r io d  to  th e  c u s to m e r . F o r  e x a m p le , th e  s u p p lie r  o ffe rs  

a  2 %  d is c o u n t o ff th e  p ric e  if th e  p a y m e n t is m a d e  w ith in  1 0  d a y s , o th e rw is e  th e  full 

p a y m e n t o f th e  o rd e r  is d u e  w ith in  3 0  d a y s . T h is  c re d it  is d e n o te d  a s  “2 /1 0  , n e t  3 0 ” (e .g .  

S e e  B rig h a m  (1 9 9 5 ) ) .

T h e  in te re s tin g  p a p e rs  re la te d  to  t ra d e  c re d its  a r e  o f D a v is  a n d  G a ith e r  

(1 9 8 5 ) ,  A rc e lu s  a n d  S r in iv a s a n  ( 1 9 9 3 ,1 9 9 5 ,2 0 0 1 ) ,  S h a h  ( 1 9 9 3 ,1 9 9 7 ) ,  K h o u ja  a n d  

M e h re z  (1 9 9 6 ) ,  H w a n g  a n d  S h in n  (1 9 9 7 ) ,  C h u  e t  a l ( 1 9 9 8 ) ,  C h u n g  ( 1 9 9 8 ) ,  T e n g  (2 0 0 2 ) .
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T h e  a b o v e  m o d e ls  w e re  d e v e lo p e d  w ith  th e  a s s u m p tio n  th a t  in fla tio n  d o e s  

n o t h a v e  s ig n ific a n t ro le  to  p la y  o n  th e  in v e n to ry  p o licy . H o w e v e r  fro m  a  f in a n c ia l p o in t o f 

v ie w , a n  in v e n to ry  re p re s e n ts  a  c a p ita l in v e s tm e n t a n d  m u s t c o m p e te  w ith  o th e r  a s s e t ’s 

fo r  a  f irm ’s lim ite d  c a p ita l fu n d s . T h u s , it is im p o rta n t to  c o n s id e r  th e  e ffe c ts  o f in fla tio n  

o n  th e  in v e n to ry  s y s te m . B u z a c o tt  ( 1 9 7 5 ) ,  M is ra  (1 9 7 5 )  a n d  B ie rm a n  a n d  T h o m a s  

( 1 9 7 7 )  a n a ly z e d  in v e n to ry  d e c is io n s  u n d e r  a n  in fla tio n a ry  c o n d itio n  fo r  th e  E O Q  m o d e l. 

M is ra  (1 9 7 5 )  d e v e lo p e d  m a th e m a tic a l m o d e l b y  c o n s id e rin g  th e  t im e  v a lu e  o f m o n e y  

a n d  d iffe re n t in fla tio n  ra te s . B ra h m b h a tt  ( 1 9 8 2 )  d e v e lo p e d  a n  E O Q  m o d e l u n d e r  a  

v a r ia b le  in fla tio n  ra te  a n d  m a rk -u p  p ric e s . C h a n d r a  a n d  B a h n e r  ( 1 9 8 5 )  d e r iv e d  m o d e l to  

d is c u s s  th e  e ffe c ts  o f in fla tio n  a n d  t im e  v a lu e  o f m o n e y  on  o p tim a l o rd e r  p o lic ie s . D a tta  

a n d  P a l (1 9 9 1 )  d e v e lo p e d  a  m o d e l w ith  lin e a r  t im e  d e p e n d e n t d e m a n d  ra te s  a n d  

s h o rta g e s  to  s tu d y  th e  e ffe c ts  o f in fla tio n  a n d  t im e  v a lu e  o f m o n e y  o n  a  fin ite  p la n n in g  

h o rizo n . L ia o  e t  a l ( 2 0 0 0 )  p re s e n te d  a  m o d e l fo r  d e te r io ra tin g  ite m s  u n d e r  in fla tio n  w h e n  

d e la y  in p a y m e n ts  is p e rm is s ib le .

S to c k  d e p e n d e n t  d e m a n d  m o d e ls  a re  th e  m o d e ls  w h e re  d e m a n d  ra te  is 

p ro p o rtio n a l to  th e  in v e n to ry  le v e l. In c a s e  o f d e te rm in is tic  m o d e ls , it is o p tio n a l to  le t th e  

in v e n to ry  le v e l to  b e  z e ro , b u t n o t s o  in s to c k -d e p e n d e n t  d e m a n d  ra te  m o d e ls . A s  th e  

in ven to ry  leve l d e c re a s e s , th e re  a re  lost s a le s . In  th is  ty p e  o f d e m a n d  p a tte rn , th e  

q u a n tity  d e m a n d  d e c re a s e s  a s  th e  in v e n to ry  le v e l d e c re a s e s , re s u ltin g  in lo w e r  s a le s  

a n d  lo w e r p ro fits . T o  k e e p  s a le s  h ig h e r, th e  in v e n to ry  le v e l s h o u ld  b e  h ig h e r w h ic h  in 

tu rn  resu lts  in th e  h ig h e r  h o ld in g  c o s t a n d  p ro c u re m e n t cos t.

It h a s  b e e n  o b s e rv e d  in s u p e rm a rk e ts  th a t th e  d e m a n d  ra te  is u s u a lly  

in flu e n c e d  b y  th e  a m o u n t o f s to c k  le v e l. L ev in  e t  a l ( 1 9 7 2 )  q u o te d  “a t  t im e s , th e  

p re s e n c e  o f in v e n to ry  h a s  m o tiv a tio n a l e f fe c t  on  p e o p le  a ro u n d  it. It is c o m m o n  b e lie f  

th a t la rg e  p ile s  o f g o o d s  d is p la y e d  in a  s u p e rm a rk e t  w ill a ttra c t th e  c u s to m e rs  to  b u y
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more”. Silver and Peterson (1982) noted that sales at the retail level tend to be 

proportional to the amount of inventory displayed. This fact attracted a number of 

researchers to develop EOQ models focused on stock-dependent demand rate patterns. 

Gupta and Vrat (1986) considered demand rate to be a function of initial stock level. 

Mandal and Phaujdar (1989) formulated production inventory model for deteriorating 

items with uniform rate of production and linearly stock-dependent demand. Dixit and 

Shah (2001) extended the above model for more general demand. Baker and Urban 

(1988) developed model in which sales were directly affected by the allocation of shelf- 

space. Datta and Pal (1990) extended Mandal and Phaujdar’s (1989) model for 

deteriorating items with the assumption that the demand rate is linear function of the on- 

hand inventory allowing shortages completely backlogged, for both finite and infinite 

time-horizons. Some of the recent work in this area is by Padmanabham and Vrat 

(1995), Ray and Chaudhuri (1997), Sarker et al (1997), Giri and Chaudhuri (1998), 

Mandal and Maiti (1999), Chung (2002).

Shah and Jaiswal (1977) and Aggarwal (1978) derived an order level 

inventory model for deteriorating items with time-proportional demand when shortages 

were not allowed. Dave and Patel (1981) developed an inventory model for deteriorating 

items with time proportional demand. Sachan (1984) extended above model by allowing 

shortages. Hariga (1996) generalized the demand pattern to any log-concave function. 

Teng et al. (1999) and Yang et al. (2001) further generalized the demand function to 

include any non-negative, continuous function that fluctuates with time. Liao et al (2000) 

developed an inventory model for stock-dependent consumption rate when delay in 

payments is permissible.
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1.4 Outline of the thesis

The proposed thesis has been divided into five chapters on the basis of the 

structure of the different models, i.e.

• Chapter-1: Introduction

• Chapter-2: Inventory models with time dependent deterioration of units

• Chapter-3: Inventory models with time dependent deterioration of units under

conditions of permissible delay in payments

• Chapter-4: An EOQ model for deteriorating items with price dependent demand

under supplier credits

• Chapter-5: An EOQ model for deteriorating items with selling price and stock

dependent demand during inflation under supplier credits 

The following is a chapter wise description of inventory models dealt with in 

the proposed thesis.

Chapter 1 contains an introduction giving an overview of the development on inventory 

systems under different assumptions.

Chapter 2 discusses inventory models with time dependent deterioration of units 

In this chapter, two inventory models have been proposed and formulated. Section-2.1 

deals with a lot-size model for items with time dependent deterioration. Here, a lot size 

inventory model is developed for deteriorating items with a time dependent rate of 

deterioration which follows Weibull density function. The EOQ formula is derived under 

the assumptions of constant demand, zero lead time and no shortages. The analytic 

proofs are given to support each assertion of parameter dependence. A numerical 

example is given to show the solution pattern. Section-2.2 is a mathematical
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development of an order level lot-size model with time dependent deterioration. This 

model is an extension of the model given in section 2.1. It is developed under the 

assumptions of constant demand, zero lead time and by allowing shortages. Again, the 

Weibull density function is used to represent the time dependent deterioration. 

Shortages are allowed and are completely backlogged. Analytic proof of parameter 

dependence is given. A hypothetical numerical example is used to support the solution 

procedure.

Chapter 3 is Inventory models with time dependent deterioration of units under 

conditions of permissible delay in payments. In this chapter, three inventory models 

have been proposed. The mathematical models are developed to determine the optimal 

ordering policy for variable deterioration of units in an inventory system under 

permissible delay in payments. The following two scenarios are discussed in Section 3.1 

and 3.2 :

Scenario-1: When permissible delay period in payments is less than the cycle time

Scenario-2: When permissible delay period in payments is greater than the cycle time

Section-3.1 deals with a lot-size model with variable deterioration rate under supplier 

credits. The model is developed under assumption of instantaneous and infinite 

replenishments and no shortages. The deterioration of items in the inventory follows the 

Weibull density function. The Newton-Raphson method has been used to find the 

optimum solutions. An easy-to-use algorithm to find the solution is given. Sensitivity 

analysis of the optimal solution with respect to the parameters of the system is carried 

out.

Section-3.2 is an order-level lot size model with time dependent deterioration and 

permissible delay in payments. Shortages are very important especially in a model that



www.manaraa.com

Study of optimal ordering policies for time varying decay rate of inventory 15

considers permissible delay in payments due to the fact that shortages can affect the 

quantity to be replenished to benefit from the permissible delay period. This model is an 

extension of the previous model. Shortages are allowed here. The rest of the 

assumptions remain the same as that of the model in section 3.1. The mathematical 

methodology to find the solution of the equations is explained in detail and a special 

case is also discussed. Sensitivity analysis is carried out at the end and a few directions 

for future research are discussed.

Section-3.3 is an EOQ model for deteriorating items with two parameter Weibull 

distribution deterioration under supplier credits. In this chapter, an inventory model is 

developed for deteriorating items with two parameter Weibull distribution, in which the 

supplier provides both cash discount and credit period to the customer. Also, in the 

model, lead time is zero, replenishment is infinite and shortages are not allowed.

In the model the following four cases are discussed based on the provisions of discount 

and permissible delay periods.

Case 1. The payment is paid at M\ to get a cash discount and cycle time T > M \

Case 2. The customer pays in full at M i to get a cash discount but cycle time T<M\

Case 3. The payment is paid at time M  to the permissible credit and cycle time T>M  

Case 4. The customer pays in full at M  and cycle time T<M

The Taylor’s series approximation is used to determine the mathematical results. A 

numerical example is provided to verify the results obtained in the market. A few 

directions for future research are also given.

Chapter 4 is An EOQ model for deteriorating items with price dependent demand under 

supplier credits. In this chapter, an EOQ model for constant rate of deterioration of units
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a n d  se llin g  p ric e  d e p e n d e n t  d e m a n d , in w h ic h  th e  s u p p lie r  p ro v id e s  n o t o n ly  a  c a s h  

d is c o u n t b u t a ls o  p ro v id e s  a  c re d it  p e r io d  to  th e  c u s to m e r , is d is c u s s e d .

T h e  d e m a n d  is ta k e n  a s

R(p)  =a  —bp (a  >0,Z? > 0 ,  a » b )  w h e re  p  d e n o te s  th e  s e llin g  p ric e  o f th e  ite m . 

In  th is  m o d e l th e  fo llo w in g  fo u r  c a s e s  a r e  d is c u s s e d  b a s e d  o n  th e  p ro v is io n s  o f d is c o u n t  

a n d  p e rm is s ib le  d e la y  p e rio d s .

C a s e  1. T h e  p a y m e n t is p a id  a t  M i  to  g e t a  c a s h  d is c o u n t a n d  c y c le  t im e  T >M\

C a s e  2 . T h e  c u s to m e r  p a y s  in fu ll a t  M i  to  g e t  a  c a s h  d is c o u n t b u t c y c le  t im e  T<M\

C a s e  3 . T h e  p a y m e n t is p a id  a t  t im e  M to  th e  p e rm is s ib le  c re d it  a n d  c y c le  t im e  T>M 

C a s e  4 . T h e  c u s to m e r  p a y s  in fu ll a t  M a n d  c y c le  t im e  T<M

A ls o , in th e  m o d e l, le a d  t im e  is z e ro , re p le n is h m e n t is in fin ite  a n d  s h o rta g e s  a re  

n o t a llo w e d . T h e  n e c e s s a ry  a n d  s u ffic ie n t c o n d itio n s  fo r  fin d in g  th e  o p tim a l so lu tio n  to  

th e  p ro b le m  a re  d e r iv e d . T a y lo r ’s s e r ie s  a p p ro x im a tio n  is u s e d  to  o b ta in  th e  so lu tio n . 

T h e  e ffe c ts  o f c h a n g e s  in p a ra m e tr ic  v a lu e s  a r e  s tu d ie d  o n  th e  d e c is io n  v a r ia b le s  a n d  

th e  o b je c tiv e  fu n c tio n .

C h a p t e r  5  is a n  E O Q  m o d e l fo r  d e te r io ra tin g  ite m s  w ith  s e llin g  p r ic e  a n d  s to c k  

d e p e n d e n t  d e m a n d  u n d e r  c o n d itio n s  o f p e rm is s ib le  d e la y  in p a y m e n ts . In th is  c h a p te r ,  

a n  in v e n to ry  m o d e l is d e v e lo p e d  fo r  d e te r io ra tin g  ite m s  fo r  w h ic h  th e  d e m a n d  is 

d e p e n d e n t  o n  th e  s e llin g  p ric e  a s  w e ll a s  th e  s to c k . T h e  u n its  in in v e n to ry  a r e  s u b je c t to  

c o n s ta n t ra te  o f  d e te r io ra tio n . S h o r ta g e s  a r e  n o t a llo w e d  a n d  th e  s u p p lie r  p ro v id e s  a  

c a s h  d is c o u n t a n d  a  p e rm is s ib le  d e la y  in p a y m e n ts .

D e m a n d  is ta k e n  a s  R(p ,i(t)) = a ~ P p  +S( t ) ,

W h e r e  a, is th e  f ix e d  d e m a n d  a n d  a > 0

p a n d  8 c o n s ta n ts , a » p ,  a »  8
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T h e  o p tim a l s o lu tio n  is c h a ra c te r iz e d  to  o p tim iz e  th e  n e t p ro fit. A n  e a s y - to -u s e  a lg o rith m  

is g iv e n  to  fin d  th e  o p tim a l s e llin g  p ric e , th e  o p tim a l o rd e r  q u a n tity  a n d  re p le n is h m e n t  

c y c le  t im e  th a t  m a x im iz e s  th e  n e t p ro fit. A t  th e  e n d , a  n u m e ric a l e x a m p le  is g iv e n  to  

illu s tra te  th e  th e o re tic a l resu lts  a n d  s e n s itiv ity  a n a ly s is  o f p a ra m e te rs  on  th e  o p tim a l 

so lu tio n s  is c a rr ie d  ou t.

T h e  d ire c tio n  fo r  fu tu re  re s e a rc h  p la n s  fo llo w s  c h a p te r  5 .

L ist o f p a p e rs  p u b lis h e d  /  p re s e n te d  /  a c c e p te d  fo llo w s  th e  fu tu re  re s e a rc h  p la n s .

T h e  th e s is  c o n c lu d e s  w ith  B ib lio g ra p h y .
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The Assumptions used throughout the thesis 

ASSUMPTIONS -  A.1

The following are the assumptions used in the thesis.

1. The inventory system deals with only one item.

2. The replenishment rate is infinite.

3. Lead-time is zero.

4. The deterioration rate of the units in the inventory follows the Weibull density 

function given by equation 1.3.1.

5. There is no repair or replacement of deteriorated units during the period under 

consideration.

6. During the time the account is not settled, generated sales revenue is deposited in an 

interest bearing account. At the end of the trade credit period, the customer pays off 

all the units sold, keeps profits and starts paying for the interest charges on the items 

in stock.

Additional assumptions, if any, will be mentioned in the relevant chapters.
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T h e  N o ta tio n s  u sed  th ro u g h o u t th e  th e s is  

N O T A T IO N S  -  N.1

T h e  fo llo w in g  a r e  th e  n o ta tio n s  u s e d  in th e  th e s is

A : O rd e r in g  c o s t o f  in v e n to ry , $ /  p e r  o rd e r

C  : T h e  p u rc h a s e  c o s t p e r  un it

P : T h e  se llin g  p r ic e  p e r  un it

T  : O p tim u m  c y c le  t im e  w h e n  Q  u n its  a r e  d e p le te d  to  z e ro  d u e  to

b o th  d e m a n d  a n d  d e te r io ra tio n  

l(t) : T h e  in v e n to ry  leve l a t  t im e  t , 0 < t < T

Q : T h e  o p tim u m  o rd e r  q u a n tity

I  : T h e  in v e n to ry  c a rry in g  c h a rg e  fra c tio n  /  u n it /  a n n u m  e x c lu d in g

in te re s t c h a rg e s  p a id

I  : In te re s t c h a rg e d  p e r  $  in s to c k  p e r  a n n u m  b y  th e  s u p p lie r

l  : In te re s t e a rn e d  p e r  $  p e r  a n n u m

h : T h e  in v e n to ry  h o ld in g  c o s t p e r  u n it p e r  t im e  u n it e x c lu d in g  in te re s t

c h a rg e s

% : th e  s h o rta g e  c o s t/u n it

SC  : s h o rta g e  c o s t/c y c le

CD : c o s t o f d e te r io ra tio n /c y c le

IHC : in v e n to ry  h o ld in g  c o s t/c y c le

R : T h e  d e m a n d  ra te  (u n its  p e r  t im e  unit)

IE : in te re s t e a rn e d  p e r  c y c le

IC : in te re s t c h a rg e d  p e r  c y c le

D(T) : n u m b e r  o f un its  d e te r io ra te d  d u rin g  a  c y c le  t im e  T

A d d itio n a l n o ta tio n s , if a n y , w ill b e  m e n tio n e d  in th e  re le v a n t  c h a p te rs .
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CHAPTER 2

INVENTORY MODELS WITH TIME DEPENDENT

DETERIORATION OF UNITS
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2.0 Introduction:

In this chapter, two inventory models have been formulated.

They are

Section 2.1 - A lot size model for deteriorating items with time dependent deterioration. 

Section 2.2 - An order level lot size model for time dependent deterioration.

2.1 A LOT SIZE MODEL FOR DETERIORATING ITEMS WITH TIME DEPENDENT 

DETERIORATION

In this section a lot-size inventory model is developed for deteriorating items with 

a time dependent rate of deterioration. The EOQ formula is derived under assumptions 

of constant demand, zero lead-time and no shortages. It is shown that the results can be 

reduced to known models. Analytic proof of parameter dependence is given. A 

numerical example is used to show the solution pattern.

2.1.1 Assumptions and Notations :

The lot-size inventory model for deteriorating items will be developed using the 

following additional assumptions other than those given in A.1:

1. Shortages are not allowed.

2. The distribution of the time to deterioration of the item is as given in Equation 1.3.1

3. Q is a decision variable.

2.1.2 Mathematical Formulation :

Let Q(t), 0 < t < T  denotes on-hand inventory of units at time t. The instantaneous 

state of Q(t) for any instant of time , follows the differential equation

— + 8 (0 0 (1 )= -*  0 < !< 7 \ (2.1.2.1)
dt
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w ith  in itia l c o n d itio n  Q(0) = Q  a n d  b o u n d a ry  co n d itio n  Q(T) = 0.

E q u a tio n  ( 2 .1 .2 .1 )  is th e  firs t o rd e r  l in e a r  d iffe re n tia l e q u a tio n  w h o s e  g e n e ra l so lu tio n  is

2 ( 0 = - R e ~ “ ^  jat^dt+ke~a ^
0

w ith  b o u n d a ry  co n d itio n  Q(T)= 0 ,w e  g e t  p a rt ic u la r  s o lu tio n  a s

B J B
Q(t) = Re-02 J e~m P dt

(2.1.2.2)

t

e « ) = R e - ®  i  „ ~ ; r r
n = 0 n!(njS+l)

& v  f'rnP + 1 nj6+l )

a n d  h e n c e  Q(0) =  Q  g iv e s

oo ^iTnfi+l
Q =R £  -----

n =0 » !(n/?+l)

N u m b e r  o f u n its  th a t d e te r io ra te  d u rin g  [0, T ]  is g iv e n  b y

D(T) - Q —RT

OO ~ J t  r p f l f f i  "I" 1

= R  [ £  ; ...5....n  ~ T ]n = 0 n\(np+1)

( 2 .1 .2 .3 )
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Hence cost due to deterioration per time unit is

CD =
CD(T)

CR_ -  a»r ” ft+ l 

T [n t o  n\{n/3+l)

The Ordering cost per time unit is OC = —
T

(2.1.2.4)

(2.1.2.5)

1 rNow, inventory on-hand per time un it/(T ) =  — J Q(t)dt
T0

“  j L  { r n p + l  _ tn p + l )dt

0 n- .Qn\(nf}+1)

oo
j e - ^ a ■ nP + l - t nP + 1 )dt

R_ “  (-1 )n « 2n r 2(wj8+l)

I T  n = 0(nl)2 (n/3+l)2

Hence, inventory holding cost, IHC per time unit is = Cl I(T)

_ CIR_ y (-1 )n c?n j 2(n/3+l) (2.1.2.6)

2T n = 0 («!)2 {n/3+1)2

Using Equations (2.1.2.4) - (2.1.2.6), we get total cost, K(T) of an inventory system per 

time unit as

K(T)=C D+O C  +IHC

= C R [ i f  T - - l ]  + i ........ j 2nP+l
n = o nl(n0+1) T 2 n = O(w!)2 (nj0+l)2
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The optimum value of cycle time T = T0 can be obtained by solving-------= 0
dT

i.e. CR |  nfianTnfi+ 1 A ] CIR ~  (-1) V w(2n/g+l)r 2(nj3+l) Q

n = 0 n Kn@+l) 2 n = 0 (nl)2 (n f}+ 1)2

using suitable numerical method. The above equation can be solved for any sets of 

parametric values. The series can be truncated if at? is less than one because 0< a  < 1 

while T is time, the proper selection of the dimensions of time will allow the convergence 

of the solution

2.1.3 Special Cases:

1) Ghare and Schrader’s (1963) model can be obtained by putting a  = 9 and (3 = 1 in 

the above model.

Q = R
n

oo qtijin +1

f  0 n!(n + l)

K(T) = CR{ X 
n = 0

0rij,n

n!(n + l)
i , .A 
1} + ~  +

cm “  ( - i )n e2nr 2 n + 1

2 n = 0 (n!)2 (n + l)2

2) By taking a  =0, the model reduces to that of Naddor (1966)
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2.1.4 Assertions :

1. Total cost of an inventory system per time unit increases with respect to the scale 

parameter a  

Proof:

™ =CR |  - h l f 2 n a 2n- 1T2nP+ l  > Q y r
da n — 0 nKnp+l) 2 n = l („!)2 (^ + i) 2

2. Total cost of an inventory system per time unit increases with respect to the ordering 

cost per order.

Proof:

dK 1
v r

3. Increase in demand increases total cost of an inventory system per time unit.

Proof:

dK r ~  „ Cl ™ ( - l ) na2n J2nB+1—  =C [ £ —--------- 1J + —  £  > o  v r
dR n = 0nl(nP+1) 2 n = 0(n!)2(n/3+l)2

4. Under the assumption that 0 < a < l ,  neglecting a2 and its higher powers, increase in 

the shape parameter increases the total cost of an inventory system per time unit. 

Proof:

dK RctrP~~l 2CIT2 C/jBT +003+2)03* +/3-T) > Q y T
dR (/3+l)(/3+2) P+2 + >3+1 >

2.1.5 Numerical Example and observations :

A hypothetical model is developed using the following parametric values.

[ C, I, R, A, 0,0] = [20, 12%, 1000, 150, 0.02, 1.5]

In the following tables, the effect of various parameters on optimum cycle time, optimal 

procurement quantity and minimum cost of an inventory system is studied.
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Table 2.1,5.1 Variations in a

[ C, I, R, A, fij = [20, 12%, 1000, 150, 1.5]

a 0.02 0.03 0.04 0.05 0.06
T 0.3342 0.3260 0.3185 0.3116 0.3053
Q 334.75 326.74 319.45 312.78 306.63
K 880.78 895.99 910.67 924.88 938.65

Table 2.1.5.2 Variations in A

[ C, I, R, a, 0] = [20, 12%, 1000, 0.02, 1.5]

A 150 200 250 300 350
T 0.3342 0.3843 0.4283 0.4678 0.5040
Q 334.75 385.10 429.26 469.02 505.46
K 880.78 1019.70 1142.51 1253.55 1356.49

Table 2.1.5.3 Variations in R

[C,I,A, a,® = [20, 12%, 150, 0.02, 1.5]

R 1200 1400 1600 1800 2000
T 0.3058 0.2837 0.2658 0.2509 0.2384
Q 367.52 397.69 425.81 452.23 477.25
K 963.33 1039.19 1109.75 1175.98 1238.60

Table 2.1.5.4 Variations in 0

[ C, I, A, R., a) = [20, 12%, 150, 1000, 0.02]

P 1.2 1.3 1.4 1.5 1.6
T 0.3297 0.3312 0.3327 0.3342 0.3356
Q 330.53 331.96 333.37 334.75 336.08
K 898.91 891.68 885.80 880.78 876,49
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Table 2.1.5.5 Variations in C

[/, A, R, a, P[ = [12%, 150, 1000, 0.02, 1.5]

c 20 25 30 35 40
T 0.3342 0.2985 0.2743 0.2544 0.2384

Q 334.75 300.22 274.65 254.72 238.62
K 880.78 982.86 1075.06 1159.79 1238.60

Table 2.1.5.6 Variations in I 

[C, A, R„ a  Pi = [20, 150, 1000, 0.02, 1.5]

/ 12% 13% 14% 15% 16%
T 0.3342 0.3227 0.3122 0.3027 0.2940

Q 334.75 323.17 312.70 303.17 294.44
K 880.78 913.66 945.45 976.23 1006.11

O bservations: 

Table No.

2.1.5.1

2.1.5.2

2.1.5.3

2.1.5.4

2.1.5.5

Observations

Increase in deterioration rate ( a) decreases cycle time and increases 

total cost of the inventory system

Increase in the ordering cost ( A ) increases the cycle time and the total 

cost of an inventory system significantly.

Increase in demand rate ( R ) decreases the cycle time and increases the 

procurement quantity and the total cost of an inventory system 

significantly.

Increase in the shape parameter ( fi } increases the cycle time and 

decreases the total cost of an inventory system.

Increase in the purchase cost ( C ) decreases cycle time and procurement 

quantity while increases the total cost of an inventory system significantly.
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2.1.5.6 Increase in the carrying charge fraction ( I ) per annum reduces the cycle 

time and the procurement quantity and increases the total cost of an 

inventory system.

2.2. AN ORDER LEVEL LOT-SIZE MODEL WITH TIME DEPENDENT 

DETERIORATION

In this section, a mathematical model is developed with same assumptions as those 

of section 2.1 by allowing shortages which are completely backlogged.

2.2.1 Assumptions and Notations :

The order-level lot-size inventory model for time dependent deterioration of units 

is developed under following additional assumptions and notations other than those 

given in A.1 and N.1 earlier.

1. Shortages are allowed and completely back-logged.

2. The shortage cost, % per unit is constant.

3. The distribution of the time for deterioration of the item is as given in 1.3.1

2.2.2 Mathematical Formulation :

Suppose that the system carries inventory during (0, Tj) and runs with shortages 

during (ThT) (fig. 2.2.2.1). The instantaneous state of Q(t) which denotes on-hand 

inventory of units at time t, follows the differential equation.

^ ^ -  + 6(t)Q{t)=-R, 0<t<T.  (2.2.2.1)
dt 1

= L <t < Tdt 1

with initial condition Q(Tj) = 0 and Q(0) =Q
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E q u a tio n  (2 .2 .2 .1 )  is th e  first o rd e r lin e a r  d iffe re n tia l e q u a tio n  w h o s e  so lu tion  using  

b o u n d a ry  co n d itio n  Q (T i)  =  0  is g iven  b y

2(0 = Re-^ S —̂ - —(Zn = (in\(nP+l) 1

a n d  h e n c e

-  anr » £ +1 
Q=Q(0) = R E

» = 0 n!(n/3+l)

N u m b e r o f un its  th a t d e te r io ra te  d u rin g  [0 ,T i\  is g iven  by  

D (T ) = Q - R T

oo

■■R[ S

^n^njS+l
- T  1

(2 .2 .2 .2 )

{2 .2 .2 .3 )

H e n c e  co s t d u e  to  d e te rio ra tio n  p e r  t im e  un it is

CD CD(T) CRr ~  <^TlnP +1 
T T 1 o n\{nP+1)

(2 .2 .2 .4 )
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The ordering cost per time unit is

The inventory on-hand per time unit is given by

t,
Q(t)dt

0

= ±  v (~Dn o?n T 2(nB+l) 
2T n=0(n\)2 (np+\)2 1

Hence, inventory holding cost, IHC, per time unit is

IHC = —  I  ( - l ) ” a 2n T 2(nP+V) 
2Tn = 0 (n!)2 (nj8+l)2 1

(2 .2 .2.5)

(2.2.2.6)

The shortage cost, SC, per time unit is

SC f  tdt
T J

t,

= —  ( T - Z ) 2 (2.2.2,.7)
2 T  1

Using equations (2 .2 .2 .4 ) -  (2 .2 .2 .7), the total cost K(T,,T) of an inventory system per time

unit is given by

K(TV T) =  CD+OC  + IHC + SC

~  a " 7j " <i+1 , A hR ”  ( -1  ) " a 2"  2(ne+1)
T l n = 0 „Knf)+ 1) 1 T 2 T n i o(n02 (n/;+1)2 1

7zR
H--------

2 T
(r-rp2

(2.2.2.8)
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H e re , T a n d  Tj a re  d ec is io n  v a r ia b le s . T h e  o p tim u m  v a lu e  o f T} a n d  T c a n  b e  o b ta in e d  by  

so lv ing

= 0 ; i . e .

CR
[ X • E  I ( 1 )ncP‘n 2{nfi+ 1)

T2 n = 0 nKtiP+D 1 T2 2 T2 ti = 0(nl)2 (nP+l)2 1

%KTa
1 - + — =  o  (2 .2 .2 .9 )

2 r '2 2
an d

3K(TbT)  . 
<37,

-  o « t ^

0 ; i.e.

CK[ X  - 
n =  0

1 ■ll+wtf x  - - - l}  T 2nP + 1 ] - n R (T -T.) =  0 (2.2.2.10)
n = 0(n !)^(n/?+l) 1 1

s im u lta n e o u s ly  using  su ita b le  ite ra tiv e  m e th o d . T h e  o b ta in e d  v a lu e s  o f Tj a n d  T w ill  

m in im ize  th e  to ta l c o s t o f a n  in v en to ry  sy s te m  p ro v id ed

d 2K( T,.T) d 2K(T,.T) d 2K(ThT)~\ > 0
dT, 2 '  d f  L dTdr,  J

2 .2 .3  S pec ia l C a s e s :

1) S h a h ’s (1 9 7 7 )  m o d e l c a n  b e  o b ta in e d  by  putting  a  =  9  a n d  f t  =  1 in 

th e  a b o v e  m o d e l.

c o  & T n + l
Q = R  X -—A—  

n = o  « K « + l )
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2.2.4. Assertions:

1. Total cost of an inventory system per time unit will increase with respect to the scale 

parameter a.

Proof:

■«' <'« y nn" 1T]nP+l CIR ~  | 1>0

da T 1 nt 0 nKnfl+1) J XT 1 Bt 0 (nl)2 (n(l+ l)2 1 J
v t , r

2. Total cost of an inventory system per time unit increases with respect to the ordering 

cost per order.

Proof
dK
dA > 0 V T

3. Increase in demand increases total cost of an inventory system per time unit. 

Proof:

■« . <' y «"T"l3+l , a r ” •
dR Tl o nKnP+l) 1 J IT1 nt0{» D2 ( ^ + 1)2 1

+ — (r-r1)2> o,
2 T 1

V T, Tj

2.2.5 Numerical Example and observations :

Consider an inventory system with following parameters in appropriate units.

[ C, I, R, A, it, a, = [20,12% , 1000,150,30, 0.02,1.5]

In the following table, the effect of various parameters on optimum time for having positive 

inventory, optimum cycle time, optimal procurement quantity, optimum positive stock and 

minimum cost of an inventory system is studied.
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Variable Ti T Qi K

C

20 0.92 1.174 933.33 1899.88
25 0.91 1.206 918.70 2366.75
30 0.89 1.236 905.07 2826.46
35 0.88 1.263 892.27 3275.79
40 0.87 1.288 880.19 3712.86

A

150 0.9267 1.174 933.33 1899.88
200 0.9268 1.175 933.42 1949.30
250 0.9268 1.177 933.51 1998.64
300 0.9269 1.178 933.60 2047.89
350 0.9270 1.180 933.69 2097.05

71

30 0.9267 1.174 933.33 1899.88
35 0.9350 1.153 942.19 1879.02
40 0.9422 1.137 949.14 1858.66
45 0.9477 1.124 954.74 1839.52
50 0.9522 1.113 959.35 1821.84

R

1000 0.926723 1.174 933.33 1899.88
2000 0.926590 1.1717 1866.40 3651.19
3000 0.926545 1.1709 2799.46 5402.36
4000 0.926523 1.1706 3732.53 7153.50
5000 0.926509 1.7103 4665.59 8904.50

a

0.02 0.9267 1.174 933.33 1899.88
0.03 0.9216 1.167 931.45 1944.33
0.04 0.9166 1.160 929.50 1987.99
0.05 0.9116 1.153 927.49 2030.88
0.06 0.9066 1.146 925.42 2073.01

P

1.5 0.9267 1.174 933.33 1899.88
2.0 0.9246 1.133 923.95 1707.59
2.5 0.9232 1.103 927.52 1584.17
3.0 0.9221 1.081 925.72 1500.89
3.5 0.9213 1.063 924.37 1442.49
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Observations:

• Increase in purchase cost reduces cycle time of positive stock, increases optimum 

cycle time and total cost of an inventory system.

• Increase in ordering cost increases optimum cycle time, positive stock and total cost 

of an inventory system.

•  Increase in shortage cost increases time of positive stock, and reduces total cycle 

time and total cost of an inventory system.

•  Total cost increases significantly with increase in demand rate because procurement 

quantity increases drastically.

•  Increase in deterioration rate (a) reduces time of positive stock and cycle time while 

increases total cost of an inventory system.

•  Increase in shape parameter (/3) reduces all decision variables and total cost of an 

inventory system.

2.3 Conclusion :

In this chapter two models have been proposed and formulated. An EOQ model has 

been derived in section 2.1 and an order level lot-size inventory model has been derived in 

section 2.2 when units in the inventory system are subject to time dependent deterioration. 

The analytic proofs are given to support each assertion of parameter dependence in both 

the models. The model in section 2.2 will reduce to the model in section 2.1 when there are 

no shortages i.e when Tj = 0.
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INVENTORY MODELS WITH TIME DEPENDENT 

DETERIORATION OF UNITS UNDER CONDITIONS OF 

PERMISSIBLE DELAY IN PAYMENTS
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In this chapter, three inventory models have been proposed. The mathematical 

models are developed to determine the optimal ordering policy for variable deterioration 

of units in an inventory system under permissible delay in payments.

In the models in Section 3.1 and 3.2 the following two scenarios are discussed: 

Scenario-1: When permissible delay period in payments is less than the cycle time 

Scenario-2: When permissible delay period in payments is greater than the cycle time

Section 3.3 deals with an inventory model in which the supplier provides a cash 

discount as well as a credit period to the customer. It deals with the following four cases. 

Case 1. The payment is paid at Mi to get a cash discount and cycle time T > M X 

Case 2. The customer pays in full at Mi to get a cash discount but cycle time r<M i 

Case 3. The payment is paid at time M  to the permissible credit and cycle time T>M  

Case 4. The customer pays in full at M  and cycle time T<M  

where M ;: the period of cash discount 

and M : the period of permissible delay

3.1 A LOT-SIZE MODEL WITH VARIABLE DETERIORATION RATE UNDER 

SUPPLIER CREDITS

This section deals with a lot-size model with variable deterioration rate under 

supplier credits. The model is developed under assumption of instantaneous and infinite 

replenishments and no shortages. The deterioration of items in the inventory follows the 

Weibull density function. The Newton-Raphson method has been used to find the 

optimum solutions. An easy-to-use algorithm to find the solution is given. Sensitivity
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analysis of the optimal solution with respect to the param eters of the system is carried 

out.

3.1.1 A ss u m p tio n s  and  N o ta tio n s

Th e following additional notations and assum ptions other than those given in A.1 and  

N.1 are used to derive the proposed m odel 

A s s u m p tio n s :

•  Shortages are not allowed.

•  The distribution of the tim e for deterioration of units is as given in 1.3.1 earlier.

Q is a  decision variable.

M is the permissible delay paym ent time.

3 .1 .2  M a th e m a tic a l F o rm u la tio n  :

The m odel has two scenarios :

Scenario I : when perm issible delay period 'M' in paym ents is less than the cycle tim e T; 

Scenario n : w hen permissible delay period 'Af in paym ents is greater than the cycle 

tim e T.

In the first scenario, if the custom er does not pay the supplier by tim e M, then he 

can incur an interest for the outstanding balance. In the second case, the custom er 

would not only be able to use all the product he bought and get the revenue for that but 

also he would be able to earn  the interest until the tim e he has to settle the account.

Let Q(t), 0 < t < T  be on-hand inventory of units at tim e t. The instantaneous  

state of Q(t) for any instant of tim e follows the differential equation.

^ 0 - + 6 ( t ) Q ( t )  = - R  0 < t < T
at

(3 .1 .2 .1 )

W ith initial condition Q(0) =  Q and Q(T) = 0
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(2(0 = Re"
y  a ” (Tnp+ 1

n = 0 n!(n^+l)
t nP +1) 0 < t < T

Q(0) = Q = R S
n = 0

g t i j i i f i+ l

nl(nf3+T)
(3.1.2.2)

The total demand during cycle time T is RT. Hence, the number of units deteriorated 

during [0, T] is given by

D(T) = Q -R T
OO 1

Rl 2  .a...n - T ]
n = 0 n ^ nP +V>

The cost due to deterioration /  time unit is

CD(T) CR{ ~  cPTnP +1 
T ”  T ln = 0 n\(nP+l)

(3.1.2.3)

The ordering cost per tim e unit

O C = —
T

The inventory holding cost per tim e unit is

T

1 H C ^ \  Q(t)dt 
1 0

= CIR “  (-1 f a 171 j 2(nfi+\)

2T n = 0(«D2(nj8+l)2

(3.1.2.4)

(3.1.2.5)
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Scenario I : M < T( permissible delay period is less than the cycle time T)

Fig. 3.1.1

Here the permissible payment period ends on or before the inventory depletes to zero. 

As a result, the variable cost consists of the sum of the ordering cost, inventory holding 

cost, cost due to deterioration of units and the interest charged minus the interest 

earned.

The interest payable per time unit is :

TCl R r
IC =  - ± -  J Q(t)dt

M

Cl R c
T

~  (-1  )n (p-n

n = 0(n\)2 (nP+l)2

j2(nfi+1) ^ np + l ^ np + l  MnP+ 1
)] (3.1.2.6)

The interest earned per time unit is

CIeRM2 
2 T

0
(3.1.2.7)
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Using equations (3 .1 .2 .3 ) - (3 .1 .2 .7 ), the total variable cost per tim e unit K}(T) is

Kj(T)=OC +CD + IHC + IC-IE

A + CR v  | cm  ~  (-1)n cAn T2 (nP + l)

' T T lnt 0 nKnfi+1) 2T nZ 0 {nl)2 (nP+1)2

CIcR ?  ( - l ) ” ®2"  j,2 (n f}+ 1) x + l  M nP+ 1

T n = 0 (« !r (n j6 + lr  2 2

C7 R T
— —  ( M - — )  

T 2
(3 .1 .2 .8 )

o dIC ( T )
Th e optimal value of r  =  Tj can be obtained by solving—^ —  =  o

dK^T)  _ A CR oo a nTnp CR oo 0̂ TnP + l

dT ~ T2 + T [n = Q n\ T-2 nZ 0 n!(nj8+l)

. CZRr “  (-l)" ® 2” ^ 2 ^ + 1 , CZRr ~  (-1)” a 2” ^ (n /3+1),
L 2* 9 * J 9 L 2* 9 9 * J

T n = 0(n!)2 (n £+ l) T2 „ = 0(n!)2 (nj3+l)2

+ C1KMZ CI^R oo t (np+l)T2nP+l  %, n0+ l
- + -[  £

2 T2 T „  =  0 (n !)2 (» i8 + l)2

CIcR r V  ( - I f  a 2 ”  T 2(n^ +1) n ff+1  M ^ +1
r2 1 , ^ 2  1 2 1 2 nT *  n — 0  ( n \ y  ( n f 3 + i y

(3 .1 .2 .9 )

by suitable numerical m ethod . Th e  cycle tim e T =Tj  obtained by solving the equation

d̂ K ( T )
(3 .1 .2 .9 ), m inim izes the total cost because — - >  q
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& K A T)

dTz

= 2 A + ^ t  - a nn$Tnfi- 1 2 CR
3  t n = 0

[ E
T* n = 0

■i]n\

- aR - (-1) " ^ "
T-3 „ t o » ! ( » f l + l )  27 „ t o ( « ! ) 2 ( ^ + l )

3Cfflr “  (-I )n 2 a 2" .,.2,,/j+l, 2CIR , “  ( - l ^ o 2” ^2(„/3+l),
----------y L  A  o--------------- 1 J t------- t ~L 2 , -------------------- W  1

2Tl  n = 0(n^)l (nP+l) T3 n = 0(nl)(nfi + l)z

Cl RM 2 CI„R  o °  ( ' - l ' ) r t /v ^ n  (2nB+l)T2n^  „ « , i  1

7  „ = 0(n!)2 («j3+l)

2CICR [ l  (~l)n c ? n { T2W +]> M nP+ lTn0}] 
T2 n = 0(n\)2 (nP+l)  2

-f* 2 ° ^ , l  ( - l ) " a 2" [ r 2< ^ + »  J f» g + 1 (rng+ l

7 3 n = O(«02 (n/5+l)2 2 2

Scenario I I  : T < M  ( permissible delay period is greater than the cycle tim e T)

Here the payment is made after the permissible delay period. So there is no 

interest charged. The interest earned per time unit is
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Cl
IE <f

0

T
R td t + R T ( M - T )]

Cl R 
e
T

(3 .1 .2 .1 0 )

Hence, the total variab le cost, K2(T) per tim e unit is

K2(T) = OC + C D + IHC - IE

= ±  CR y  « V ^ +1 CZR ~  { - l ) n a2n 2(wjg+l)
T T ni 0 nl(nl3+ 1) 2T (« !)2 (n/3+1)2

Cl R 
e

T
(3 .1 .2 .1 1 )

O
T h e  optimal value of T =  T2 can be obtained by solving

dK2( T )  _  
d T  ~

i.e.
A CR . ~  o?lTnP V1 CRr ~  o^Tnfi+l m

"  i  ̂ v  "  ,, a . i \  -T*
r 2 T n = 0 n! r 2 n = On!^ +1>

, CIR ~  ( - p ^ o 2" ^ 8+1 CZR ~  ( - l f a 2” 2 ^ + 1 ) ,
rt/ri *- ^  o J O L u  o o J

2T « = 0(n!)Z(n^+l) 2Tl  „  = 0 (n !r (n )8 + ir

Cl R Cl R T
H----- —  + — %—( M - —) = 0

2 T r 2 2
(3 .1 .2 .12 )

by suitable numerical m ethod. T h e  cycle tim e T =  r 2 obtained by solving the equation

3 v  ( T  )
(3 .1 .12 ), m inim izes the total cost because —— i— J > q
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d2 K^{T) 

dT2

2 A CR “  c /lnf3TnP~ 
T3 + T lnl  o nl

2CR ~ cPTnP
rs V JLi , -*-J

n ~ 0 nl

oca  00 < 7 ^ 7 c u t  °° /•_i\Wo/y2n * n
+ ±H 1[ s  ---------- n  + — [ E ...- jr ..— ..,  (2nl3+iyrnP]

T3 n = 0 n-(nfi+i) 2T ntoinT)2 W + l ) 2

3CIR “  ( - l )n2«2w 2njS+l, CZR ~  ( - i f  a2” 2(«j8+l).

" 2T2 « = 0 (« !)2 («J0 + 1)2 T3 n = 0(n!)(n^+l)2

Cl R Cl R T Cl R ----- e--------e _ ( M _±_) ----- e_
r2 t 3 U 2 ^ 22TA 2 r

Algorithm : The optimum cycle time

r 0

To
Ti

O

M <T

Hence,
l r 2 M > T

0
'Qi M <T

Qo = "*
0

1-22 M > T

and total cost of an inventory system

M T i )  M <T
K(T0) = <

K2(T2°) M > T

3.1.3 Numerical example and observations :

Consider an inventory system with following parameters in appropriate units. 

[A,R, C, 1, I c, I e, a, /3,M\ = [250, 2000, 20, 0.10, 0.12, 0.15, 0.02,1.5,15/365]
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Variable T Q K

R

2000 0.2191 438.73 2027.37
2500 0.1963 491.27 2233.42
3000 0.1795 538.86 2414.08
3500 0.1664 582.72 2575.52
4000 0.1558 623.62 2721.78

a

0.02 0.2191 438.73 2027.37
0.03 0.2169 434.33 2043.66
0.04 0.2147 430.10 2059.70
0.05 0.2126 426.04 2075.50
0.06 0.2105 422.12 2091.07

f i

1.5 0.2191 438.73 2027.37
2 0.2214 443.06 2007.22
2.5 0.2227 445.51 1999.38
3 0.2233 446.80 1996.23
3.5 0.2237 447.47 1994.94

I

0.12 0.2113 422.98 2113.44
0.13 0.2076 415.71 2155.34
0.14 0.2042 408.80 2196.54
0.15 0.2009 402.22 2237.06

C

20 0.2191 438.73 2027.37
25 0.1963 393.01 2233.42
30 0.1795 359.24 2414.08
35 0.1664 332.98 2575.52
40 0.1558 311.81 2721.78

A

250 0.2191 438.73 2027.37
300 0.2397 480.03 2245.24
350 0.2587 517.97 2445.84
400 0.2763 553.27 2632.74
450 0.2928 586.39 2808.44

M
15/365 0.2191 438.73 2027.37
30/365 0.2204 441.35 1795.16
45/365 0.2226 445.68 1571.41

Ic
0.15 0.2191 438.73 2027.37
0.20 0.2016 403.56 2163.25
0.25 0.1878 375.97 2284.23

U
0.12 0.2191 438.73 2027.37
0.15 0.2187 437.85 2022.74
0.20 0.2180 436.38 2015.01
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Observations:

•  Increase in the deterioration rate (a) decreases the cycle time and the 

procurement quantity and increases the total cost of the inventory system.

•  Increase in the demand rate (R) decreases the cycle time and increases the 

procurement quantity and the total cost of the inventory system significantly.

• Increase in the shape parameter { (3 } increases the cycle time and the 

procurement quantity and decreases the total cost of the inventor/ system.

•  Increase in the purchase cost { C ) decreases the cycle time and the 

procurement quantity while increases the total cost of the inventory system.

•  Increase in the ordering cost ( A ) increases the cycle time, the procurement 

quantity and increases the total cost of the inventory system significantly.

• Increase in the carrying charge fraction ( / )  per unit per annum reduces the cycle 

time and the procurement quantity and increases the total cost of the inventory 

system.

• Increase in the delay period ( M ) increases the cycle time and the procurement 

quantity while reduces the total cost of the inventory system significantly.

•  Increase in the interest charged (lc ) reduces the cycle time and the purchase 

quantity while increases the total cost of the inventory system.

• Increase in the interest earned (Ie ) reduces the cycle time, procurement quantity

and the total cost of an inventory system.
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3.2 AN ORDER LEVEL LOT-SIZE MODEL WITH TIME DEPENDENT 

DETERIORATION AND PERMISSIBLE DELAY IN PAYMENTS

The model in this section is an extension of the previous model. Shortages are 

allowed here. The rest of the assumptions remain same as that of the model in section 

3.1. The mathematical methodology to find the solution of the equations is explained in 

detail and a special case is also discussed. Sensitivity analysis is carried out at the end 

and a few directions for future research are discussed.

3.2.1 Assumptions and Notations:

The following additional assumptions and notations other than those given in A.1 

and N.1 are used to formulate the proposed model.

Shortages are allowed.

The distribution of the time for deterioration of units is as given in 1.3.1 

R : The known demand rate (units per time unit).

Qj  : Quantity consumed during time Tj.

Tj  : length of the period with positive stock of the items in the inventory.

3.2.2 The Mathematical formulation :

The model has two scenarios

Scenario I : When permissible delay 'M'  in payments is less than the period having 

inventory stock in hand Tj.

Scenario I I : When permissible delay; M, in payments is greater than the period having 

inventory stock in hand Tj.

In the first case, if the customer does not pay the supplier by time M, then he can 

incur an interest for the outstanding balance. In the second case, the customer would 

not only be able to use all the product he bought and get the revenue for that but also he
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w o u ld  b e  a b le  to  e a rn  in te re s t o n  th a t  re v e n u e  until th e  t im e  h e  h a s  to  s e tt le  th e  a c c o u n t.  

T h e re  c o u ld  b e  s o m e  o th e r  s itu a tio n s  in vo lv in g  p a y m e n t  o f d u e s  to  th e  s u p p lie r  e ith e r  

d u rin g  th e  in v e n to ry  in s to c k  o r  s h o rta g e s . A ll th e s e  s c e n a r io s  a r e  d is c u s s e d  in 

s u b s e q u e n t s e c tio n s .

L e t Q(t) b e  th e  in v e n to ry  le v e l a t  t im e  t. D e p le tio n  o f in v e n to ry  o c c u rs  d u e  to  th e  

s im u lta n e o u s  d e m a n d  a n d  d e te r io ra tio n  o f u n its . T h e  d e te r io ra tio n  o f un its  o c c u rs  d u rin g  

t im e  p e rio d  (0, Tj)  a n d  s h o rta g e s  o c c u r d u rin g  t im e  in te rv a l (Tj, T). (S e e  fig . 3 .2 .1 )

T h e  d iffe re n tia l e q u a tio n  g o v e rn in g  in s ta n ta n e o u s  s ta te  o f un its  in in v e n to ry  a t  

t im e  t (0 < t < T) is g iv e n  by

^ + m < K t )  = - R  0 < r < r  (3 .2 .2 .1 )
dt 1

T < t < T
dt 1

w h e re  a t  t im e  t = 0 ,Q ( 0 ) =  Q.
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The solution of eq. (3.2.2.1) is given by

Then

(T n p + l _ tnp+l^ o < t <Tx (3.2.2.2)

(3.2.2.3)

The demand during Tj is RTj.

The number of units deteriorated during one cycle is given by

D(T) = Q~RT.

oo
(3.2.2.4)= R [ X -TA

n = 0
Since the shortages are allowed in the present mathematical model, there are 

two cases for payment to be made at time M. These cases are :

1. Payment at or before the total depletion of inventory; i.e. (M < Tj < T).

2. Payment after depletion i.e. Tj < M.

Case 1. M<Tj  < T.

Fig. 3.2.2

Here the permissible payment period ends on or before the inventory depleted 

completely to zero. As a result, the variable cost consists of the sum of the ordering

Q

o
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c o s t, in v e n to ry  h o ld in g  c o s t, s h o rta g e  c o s t, c o s t d u e  to  d e te r io ra tio n  o f u n its  a n d  th e  

in te re s t c h a rg e d  m in u s  th e  in te re s t e a rn e d .

T h e s e  c o s ts  a re  a s  u n d e r.

T h e  o rd e rin g  c o s t, OC =  A (3 .2 .2 .5 )

T h e  c o s t o f d e te r io ra tio n  (CD) in c u rre d  to  D(T) u n its  o f  m a te r ia l p e r  c y c le  

t im e  T is g iv e n  by

CD = CD(T)

=  CR
°o anr1« ^ +1

[„ !o  "W>+» 7i1 (3 .2 ,2 .6 )

T h e  in v e n to ry  h o ld in g  co s t; IHC is

PIHC = Cl J Q(t)dt 
0

= CIR ~  ( - 1  )n c? n r 2 ^ + 1 )  (3 .2 .2 .7 )

2 n = 0(rc!)^(»/f+l)  ̂ *

T h e  in te re s t c h a rg e d  p e r  c y c le  fo r  th e  in v e n to ry  n o t b e in g  so ld  a fte r  th e  

d u e  d a te  M is

P/ C = C / J  Q(t)dt 
M

— Cl R X  (  f )  1 ^ 1 __L (y 2 (? i j3 + 1 )  _  ^ 2 ( ti/J + 1 )^ j

c n = 0(n'd(np+l) 1 2 1
(3 .2 .2 .8 )

In te re s t e a rn e d  p e r  c y c le , IE, d u rin g  th e  p o s it iv e  in v e n to ry  is g iv e n  b y

f  Cl RM2 . ( 3 .2 .2 .9 )
IE = C1 Rtdt =  — -----------e J 2

0

T h e  b a c k o rd e re d  c o s t, SC, p e r  c y c le  is g iv e n  b y

SC = *  J
T - T l  m r-T?

Rtdt
0

2
( 3 .2 .2 .1 0 )
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Hence, the total variable cost, Kj(Tj,T) per time unit is

Kl (Tr T) = - ( ° c + CD+ m c  + IC + s c ~ IE )

+ CI R £  —.. .' ......
c n = Q(n\)(np+1)

jtR{T- % ) 2 Cl EM
j.  ______11________e

2 (^ + 1 )^

ci m 2e (3.2.2.11)
2 22

To evaluate the nature of the total cost function in (3.2.2.11), it is to establish 

whether the function is convex or not. Since Kj (Tj,T) involves higher order and

summation, it is not easy to evaluate the Hessians in closed -  form to conclude about its 

positive definiteness directly. The total cost Kj (Tj,T) is evaluated over certain range of

Tj and T with different sets of inventory parametric values. Therefore, the values of T

and Tj which minimize Kj (Tj,T) can be obtained by simultaneously solving dKj(Tj,T)/ dTj

= 0 and dKj(Tj,T)/ dT = 0 within the stated ranges. These two partial differential equations

lead to the equations (3.2.2.12) and (3.2.2.13) as shown below.

dKAT.J)
—  =  0

(3.2.2.12)
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an d

d K ^ T )

dT
• =  0

00 a nT nP +  ̂ Qig 0 0  / _
.-. - C R1 £  E

n = 0 n!(n/3+l) 1 2 n = o(«!)2 (n^+l)2 1
y  2 ( m /5 +  1) j

- f ^ r - T p r

( i) ^  | T @ ^j.nB+1 _____  ̂ ( j 2 ( n B + 1) _ j^2(«/3+l)C /  X  y
C 0 (n!> L( n P + D " 1 ' 2(ni3+l)Vil

)]
n ■

°° ( ^  j<nfi(Tnf$+l m hP+ '̂s 1+ CIn RT E
C/ KM'

' c ‘ “  „ : 0  ( - 0
M K ) +- (3 .2 .2 .1 3 )

2 r

S in ce  equations  (3 .2 .2 .1 2 )  a n d  (3 .2 .2 .1 3 ) a re  functions o f T j  a n d  T, a n d  th e  convexity

of n one  of th e  functions is ass u re d  in g e n era l, th e  iterative  s ea rc h  ap p ro ac h  m ust b e  used  

sim u ltaneously  to  ob ta in  p rag m atic  solutions fo r T j a n d  T. W h e n  th e  initial v a lu e  o f T j w ithin

certain  feas ib le  ran g e  is a s s u m e d  in (3 .2 .2 .1 2 ), th e  solution o f T  is im m ed ia te ly  know n. If th e  

v a lu e  o f T  o b ta ined  from  (3 .2 .2 .1 2 )  is th e n  u sed  a s  a n  initial v a lu e  in (3 .2 .2 .1 3 ), th e  v a lu e  o f T j

is a lso  know n by a  o n e  d im en siona l iterative s ea rc h  p rocedu re . T h is  v a lu e  o f T j m a y  not be  

eq u a l to  th e  v a lu e  o f T j  ob ta in ed  earlie r from  (3 .2 .2 .1 2 ). T h e  process  o f sw itching b e tw ee n  

th e  equations  is re p e a te d  until tw o  co n secu tive  iterations g ive s a m e  v a lu e s  of T j a n d  T. O n c e  

T j  a n d  T  a re  o b ta in ed , th e  optim al ordering quan tity  a n d  to tal cost o f a n  inventory  sys tem  is 

ca lcu la ted  easily .
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A  S p ec ia l c a s e  i T j = M .

If paym ent is m ade at the tim e T j =  M , the ordering cost remains the sam e as

before, and also the deterioration cost, inventory holding cost, interest earned and the  

shortage cost rem ain the sam e as in the earlier case. S ince the paym ent is m ade when  

it is due at tim e T j ,  the interest charged, IC , is zero  Therefore, dK2{M ,T ) /  d M  =  0  after

replacing T j  with M in (3 .2 .2 .1 2 ) and dK2 (M ,T ) /  d T  = 0  in (3 .2 .2 .1 3 ) as given (3 .2 .2 .14 ) 

& (3 .2 .2 .15 ) shown below.

CR °°

2 '  T  l n t Q • ! # ! )
m ] + a + o r  “  ( - i) " '* 2 "

1’ 2T „ f0(„!)2(^+l)2
m 2(» /J+ 1) ]

+ u R ( T - M Y

2 T

C l R M ' 
e
I T

d K A M ,T )

dM

CR { J  ( C IR [ “  2 ( - l ) n ( / 1 M 2 ( n 0 + l ) ,  J tR (T -  M )

1 n =  0 

C l RM

m 2 T  n =  0 (n !)2 (« j8 + l)2

4"
(3 .2 .2 .14 )
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dK2 (M,T)

dr
= o

00 a n M nfi+  ̂ CIR
CR[ Z  — “ ;--------- M ] - A - — [ Z ( - I f  a 2n

n = 0 n\(nP+l)

v-2

2 n = o(n!)2 (n0+l)2
M2(n^+1)

]

= 0 (3.2.2.15)

Case 2: T j < M  (After -  depletion payment)

The deterioration cost CD) the inventory holding cost, IHC, and the shortage cost, 

SC, per cycle are the same as in the earlier case. The interest charged per cycle IC = 0 

when Tj < M < T  because the supplier can be paid in full at time M, the permissible

delay period.

The interest earned per cycle is the interest earned during the positive inventory 

period plus the interest earned from the cash invested during time period (Tj.M) after

the inventory is exhausted at time Tj, and it is given by
T,

i e  = ci J Rtdt+ cm r ^  M -  rp 
0

T\= c m eT1( M - j - ) (3.2.2.16)
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Incorporating these modifications in (3 .2 .2 .1 1 ), the total variable cost per unit 

time, K 3 (T j,T )  is given by

1k3(tvt)= —{oc+cd+ me+sc- m)

(/ l jT lP +  1
;I |A + CT( i  ~ h l f a 2"  2 in P + I)

T l n = O n ' W + l ) 1 2 n t o ( n » 2 (nP+ l ) 2 1

n R { T - T , y  r .
+ --------------1------ C l R T A M — L)}

e V (3 .2 .2 .17 )

As in case 1, the total cost is m inim ized w hen dK3(T1,T )/dT 1 =  0  (eq. 3 .2 .2 .1 8 )  

and K 3 (T j,T ) /d T  = 0  ( eq. 3 .2 .2 .1 9 ) as shown below.

dK3 (Tr T )

an
=  o

i

CR
l  £

o nr » 0

T  n =  0 n!
1-----1] + — [ £  7n^ +1]------------1— Cl R ( M - T A  = 0

2 T  „  =  o ( n ! r ( « ^ + l )  r  e
(3 .2 .2 .18 )

^ K g t t i . D

a r

c/?[ 2

:0

a nr " ^ + l

n = 0 n!(n$+l)
i  J r f < £ _ T 7 M + 1),

1 2 n = O(«!)2 (« 0 + l)2 1

uR(T-T.r
-------------- —̂ + 7 ^ ( 7 - ^ > 7  =  0 (3 .2 .2 .19 )

Equations (3 .2 .2 .18 ) and (3 .2 .2 .1 9 ) need to be solved sim ultaneously for optimal

values of T j  and 7  as it is done in case 1.
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3 .2 .3  N u m e ric a l E x a m p le  and  o b s e rv a tio n s  :

Consider, the inventory param etric values R =  2 0 00  units /  year, A =  $ 250  /  

order, I = 10%  /  unit /  year, Ie = 12%  /un it /  year, Ic =  15%  /  unit /  year, /? =  1.5. Following

the procedure given in above section, the econom ic ordering policies computed for 

different values of a, C and n  are given in Tab les  1 - 3 .

T a b le  3 .2 .1  ( Variation in a )

a T Tl Q Ql Ql K
0 .02 0 .2 5 4 0 .1 8 7 5 0 8 3 7 4 134 3 5 93 .72
0 .03 0 .2 3 2 0 .146 4 6 4 2 9 2 172 3 4 9 5 .5 7
0 .04 0 .2 1 7 0 .123 4 3 4 246 188 3 4 20 .88

T a b le  3 .2 .2  ( Variation in C)

C T Ti Q Ql Q2 K
20 0 .2 5 4 0 .1 8 7 5 0 8 374 134 3 5 93 .72
25 0.231 0.161 4 6 2 3 2 2 140 4 1 9 2 .4 8
30 0 .2 2 0 0 .148 4 4 0 2 9 6 144 4 8 6 5 .3 4
35 0 .218 0 .1 3 2 4 3 6 2 6 4 172 5 6 92 .00
40 0 .2 0 4 0.121 4 0 8 242 166 6 3 39 .54

T a b le  3 .2 .3  ( Variation in n)

1C T Tl Q Ql Ql K
3 0 0 2 5 4 0 .1 8 7 5 0 8 3 7 4 134 3 5 93 .72
35 0 .2 4 2 0 .193 4 8 4 3 8 6 98 3 4 2 1 .7 0
4 0 0 .2 3 4 0.211 4 6 8 4 2 2 46 3 2 5 4 .3 7
45 0 .2 2 3 0 .219 4 4 6 4 3 8 8 3 0 92 .23

O b s e rv a tio n s :

*  Increase in deterioration rate reduces optimal cycle tim e, as a result optimal 

procurem ent quantity decreases. W ith  increase in deterioration there is a  decrease  

in Tj  and Qj.  As a  result shortages increase. Because w e are  procuring sm aller

quantities there is a  decrease in total inventory cost of the system.
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• Increase in the purchase cost, decreases the optimal cycle time, optimal

procurement quantity Q, Tj, Qj and increases shortages and also increases the total

cost of the inventory system.

• Increase in the unit backorder cost decreases optimal cycle time, optimal

procurement quantity and total cost of an inventory system whereas there is increase 

in Tj and Qj.

3.3 AN EOQ MODEL FOR DETERIORATING ITEMS WITH TWO PARAMETER 

WEIBULL DISTRIBUTION DETERIORATION UNDER SUPPLIER CREDITS

In this section, an inventory model is developed for deteriorating items with two 

parameter Weibull distribution, in which the supplier provides both cash discount and 

credit period to the customer. Also, in the model, lead time is zero, replenishment is 

infinite and shortages are not allowed.

In the model the following four cases are discussed based on the provisions of discount 

and permissible delay periods.

Case 1. The payment is paid at to get a cash discount and cycle time T>Mi 

Case 2. The customer pays in full at Mi to get a cash discount but cycle time r<Afi 

Case 3. The payment is paid at time M to the permissible credit and cycle time T>M 

Case 4. The customer pays in full at M and cycle time T<M

The Taylor’s series approximation is used to determine the mathematical results. A 

numerical example is provided to verify the results obtained in the market. A few 

directions for future research are also given.



www.manaraa.com

Study o f optimal ordenng policies for time varying decay rate o f inventory. 55

3.3 .1 A s s u m p tio n s  an d  N o ta tio n s :

T h e  m a th e m a tic a l m o d e l is d e r iv e d  w ith  th e  fo llo w in g  a d d itio n a l a s s u m p tio n s  a n d  

n o ta tio n s  o th e r  th a n  th o s e  g iv e n  in A .1  a n d  N .1

•  T h e  d e m a n d  fo r  th e  ite m  is c o n s ta n t d u rin g  th e  c y c le  t im e .

•  S h o r ta g e s  a r e  n o t a llo w e d .

•  T h e  d is trib u tio n  o f th e  t im e  fo r  d e te r io ra tio n  o f u n its  is a s  g iv e n  in 1 .3 .1  

N o ta t io n s :

•  =  th e  c a s h  d is c o u n t ra te , 0 < r <  1.

•  =  T h e  p e rio d  o f c a s h  d is c o u n t.

M =  T h e  p e r io d  o f p e rm is s ib le  d e la y  in se ttlin g  a c c o u n t, w ith  M > Mt .

K(T) =  T h e  to ta l re le v a n t c o s t p e r  y e a r  w h ic h  c o n s is ts  o f (a )  o rd e rin g  co s t, (b ) c o s t o f  

d e te r io ra tin g  un its , (c ) in v e n to ry  c a rry in g  c o s t (e x c lu d in g  in te re s t c h a rg e s ), (d ) c a s h  

d is c o u n t e a rn e d  if th e  p a y m e n t is m a d e  a t  Mh (e )  c o s t o f in te re s t c h a rg e s  fo r  u n s o ld  

ite m s  a f te r  th e  p e rm is s ib le  c re d it  p e r io d  M ,  m in u s  (f) in te re s t e a rn e d  fro m  s a le s  

re v e n u e  d u rin g  th e  p e rm is s ib le  d e la y  p e rio d .

3 .3 .2  M a th e m a tic a l F o rm u la tio n :

T h e  in v e n to ry  le v e l Q(t) g ra d u a lly  d e c re a s e s  to  m e e t  d e m a n d s  a n d  p a rtly  d u e  to  

d e te r io ra tio n . H e n c e  th e  in s ta n ta n e o u s  ra te  o f in v e n to ry  le v e l a t  a n y  in s ta n t o f t im e  t c a n  

b e  re p re s e n te d  b y  th e  fo llo w in g  d iffe re n tia l e q u a tio n

^ P - + 0 ( t ) Q ( t )  = - R  0 < t  <T  ( 3 .3 .2 .1 )
dt

w ith  th e  b o u n d a ry  c o n d itio n s  Q(0) -  Q a n d  Q(T) =  0. T h e n  th e  so lu tio n  o f d iffe re n tia l 

e q u a tio n  (3 .3 .2 .1 )  is g iv e n  b y

Q(t) = Re~at^  S  tnp+l^  (3 .3 .2 .2 )
n _ 0 «!(n/3+l)

a n d  th e  o rd e r  q u a n tity  is
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_ _ “  ( / lTn^ + 1 (3 .3 .2 .3 )
(J j L  i /  O

n = 0 n '-(np+1)

Total dem and during one cycle is RT.

Hence, the num ber of units which deteriorate during a  replenishm ent cycle is

D(T) = Q - R T

=  R[ £
n =0

n rp n (3+1
------------------T
n\(n/3+1)

(3 .3 .2 .4 )

T he  total relevant cost per time unit consists of the following com ponents.

(a) OC =  Cost of placing an order =  A/T (3 .3 .2 .5 )

CRt °° anTnb + l 1
(b) CD = Cost of deteriorated unit =  — - - T  ] (3 .3 .2 .6 )

T n = Q n l (n b  +  \ )

c ir  ~  ( - i ) n c?n
(c) IHC =  Cost of carrying inventory — r z r  £  — o--------- T

27 n =0  (n\)2 (nfi+l)2

T2(nj3+l) {33.2.7)

Regarding cash discount, interests charged and earned, there are  following four 

cases based on the custom er’s two choices (i.e. : pays at M\ or M) and the length of 

cycle tim e T.

C ase 1. T h e  paym ent is paid at M-i to get a  cash discount and T>M% (fig. 3 .3 .1 )

C ase  2 . T h e  custom er pays in full a t M i to get a  cash discount but r < M i  (fig. 3 .3 .2 ) 

C a se  3. T h e  paym ent is paid at tim e M to the permissible credit and T>M  (fig. 3 .3 .3 )  

C a se  4. T h e  custom er pays in full at M  and T<M (fig. 3 .3 .4 )

So  next w e derive interest earned and interest paid in each case.
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C a s e  1 : T > Mi

Hence the payment is paid to be made at time M\. Using (4), the cash discount 

per year is given by

CDC rcQ
T

.rcR  ~
T
1 n = 0

( j i jnf i+l

n\(n/3+1)
(3.3.2.8)

The interest charged per year is

T
CT R C 

T Mt

Cl R ° °  j2(nfi+l )  B M n@+ l
- — £— £  .V. i j .. ff______ [ ±_________ M nP + l ( Tn p + l -------1-------- ) j  (3.3,2.9)

T  n = 0 (n!)2 (n^+l)2 2 1 2

The interest charged per year is

IE-
P I f ’ P I  k m }  
— Rtdt - — 2----- L

T  J
(3.3.2.10)

0 2 T

From (3.3.2.S) -  (3.3.2.10), the total relevant cost per y e a r x ^ r )  is given by

Kx (T) = OC + CD + IHC + CDC + / ( ^  -  IEl



www.manaraa.com

Study o f optimal ordering policies for time varying decay rate o f inventory. 58

= V cPTnP +1 Ti ]cm ~  (-1  f a 2n T2(nP+l) + rcR ~  ( f Tn^ +1
T T l n t 0 n\(nfi+1) J 2T n r 0 (n!)2 ( ^ + l ) 2 *  n = 0 w!̂ +1)

Cl R °°
+ - £ -  s

T n = 0 (n!)2 (wj8+1)2
■ ) ] ■

P7 P M /  e 1
2T

(3 .3 .2 .11)

Case2 : T<Mi

In this case, the interest charges are zero, but the cash discount is sam e as that

in case 1. T h e  interest earned per year is

T

0

= Pl,R{Ml~ ) (3 .3 .2 .12)

As a  result, the total relevant cost per year (T) is

K2 (T) = OC + CD + IHC + CDC -  IE2

A + CRr ~  f/ i j-np+l  CZR ~  ( - i f a 2” T2(np+l)

T T n = Q n\(np+1) 2T „ = 0 (n!)2 (raj3+l)2

| rcR “  c f T nP + 1 

+ T B" 0 »K»/J+1)
- P /  P( M-. e 1 (3 .3 .2 .13)
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Case3. T >  M

(Fig. 3.3.3)

Here the payment is made at time M, there is no cash discount.

j2(n(i+1) ^ np +1 p +l Mnt3+1. ,

(3.3.2.14)

(3.3.2.15)

Therefore, the total relevant cost per yea rK^(T) is 

(T) — OC + CD + IHC + /Cg —

= A + CRr V d lTn^ +l T 1 , cm ~  ( - I f  a1*1 j2(nfi+1)
T T l nt0 n\(nP+l) 2rni 0(n!)2(njg+1)2

| C1cR l ( - l ) n < / (^ + 1 )  ̂ r 2(«/3+l) ^ np+l^ np+1 M n@+ 1) -j 

T n = 0(n\)2 (np+l)2[ 2 2

F / F M 2 __e

The interest payable per year is 

TJ Q(t)dt
Cl

1C = —£-
3 j

M
Cl R oo (_ l)H a n(0 +1> 

T n = 0 (n!)2 (nj3-fl)2 ^

The interest earned per year is

PI
1E~ = — -  3 T

M

i RRtdt
PI RM e

2 T

2 T (3.3.2.16)
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C ase  4  . T < M

In this case, the interest charged is zero. Th e  interest earned per year is

r
IE.

Cl f
— **-[ J Ridt + RT ( M -  T) ]

0
Cl R T 
— M M - -  

T 1 2

H ence the total relevant cost per yearK^(T) is 

k4 (T) = o c + c d + i h c - ie4

(3 .3 .2 .17 )

A + CR̂  5  cPTn^ 1 T j  | cm  ~  ( - 1  )nc?n T2(nP+l)
T T 1 nZ 0 n\(nf3+i)

Cl R T
— ~— [ M -  — 

T 1 2

2T  n = 0(n!)2 (nj8+l)2

(3 .3 .2 .18 )

T h e o re tic a l R e s u lts :

Assuming, a  - the rate deterioration to be very small, w e  get

r)3 rr CI R.  r 2 M
* 1( D  =  “  +

A CRotIH . /T  . r T  *“ 1. i
t  ^ r ( 1+ r ) + c « y + r , + ^ [  1

CI_RaP+ 1 __ t 2(P+1)  f l l 1  f i l 1  M .

r(/3+l)'

fi+ 1

' 2  1 2

P/ PM 2 
e 1
IT

T >M

(3 .3 .2 .19 )
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„  A CRca-P „ . . PIeR /A. 7 \K„(T) = — + — ----- (1 + r) + CR(—  + r ) ----- — (M .----)
2 i P+1 2 T 1 2

T < M 1 (3.3.2.20)

A CRoCT  ̂ CIRT C I R r T
— H----- -— ;-----1------;------1------ -— [ —K~(T) = —+ „

3 T P+1 T

Cl R aP+ l  t2(j8+1)
r V +1- ^ >  i-

T(fi+iy  

A CRcftP CIRT PIR

PI RMe
2 T

KAT) = — + n 
4 T p+l

——(M - - )  
T 2

T < M

The first order condition fo r£ . (T) in (3.3.2.19) to be minimized is
dK{(T)

(3.3.2.21)

(3.3.2.22)

dT
= 0

A CRapTM  „  . C/Z? CZcZ?r T2 . .
T P + 1 2  T2 1 2 1 2 J

+ fT i f  11 CIr-R + h' \ r W >  M ^ ’ i
r  ( 1 ,+ r ' ( ^ + i ) 21 2 ' 1 2 J

T {p+1) 1 ‘ "~J J ' IT2

For the second order condition, we obtain

0 (3.3.2.23)

<l2K|<r) 2A | CRafW -VTP- 2 ( | 2C/K T

dTz P+1

M,
(l+r)H 3“ [ 0 ]

CZ Z? CZ R
—~ ~ (T — MT)---- % - { T - M  ) + -  _

r 2 1 r 2 1 r 2 (P+1)

2CZ Z?(/+1 9o , i 0,1 o 
---- c------ [ r 2P + l_ M f + 17’/’

2CI R o P +1 j2 (P + l )  R . , Aff+1
-  r 1------------- M P + ! ( r P + l ------ 1 ) ]

T3( p + i )2

CI RaP+1

T(P+1)

OR 0,1 o 1 PI RM f
(2p+ l)T2 p - p M ^  lT*  1 1----- £-----L (3.3.2.24)



www.manaraa.com

Study o f optimal ordering policies for time varying decay rate o f inventory 62

Equation (3 .3 .2 .23 ) is highly non-linear. So  it can be solved by using suitable numerical 

method, (e.g. Newton -  Raphson M ethod). Consequently, w e  obtain optimal value of 

T =  7 i for case 1. Ensure that T\ > M i .

dK? (T)
The first order condition for case 2  is — j - —  =  0

dT

A CRapT^1 . C1R PLR . 7 \  PLR A-----+ — ----- (l + r ) + ----------- ~ { M . -----) + — —  = 0
T P + 1 2  T- 1 2 2T

and for the second order condition, w e obtain

2A cRccM - D tP"2 2PIeRMl
dT2 “ r 3 + P+1 l + r , _  r 3

(3 .3 .2 .25 )

(3 .3 .2 .26 )

Solving (3 .3 .2 .25 ) by suitable numerical m ethod, w e obtain the optimal value of T=T2 

for case 2. Ensure that Tz < M j.

Arguing as above, the first order condition for finding the optimal value of T = T Z

for case 3  is
dK3(T)

dT
0

A CRapT^ 1 C1R C1CR r T2 M, 1

P + l  2 r 2 L 2 2 J

Cl R
+ -

Cl Ra@+1 t2(P+D R - R , M P+ 1 
e ( r _ M) + _ £ -------- [ --------^ + 1(^ + 1_ M _ .)

Tl (P+l)2 2 2

Cl R aP +1 « , i  o P / i ? M 2■—£----------[ t 2P + 1 _ m P +1t P ] +  ...... , = o
T(P+1) L J 2 r 2

(3 .3 .2 .27 )

and for the second order condition, w e obtain
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dT^ i p+  ̂ i 2 2

C/ R
-(r - M )■

c / i?
-(T-M)+-

CI R 2Cl RedJ8+1
- + -

2C/ .R t /* 1 r 2(^+1)

r 2 o s + i)2
T2 p + l _ M P + lTP ]

t 3(P+\)2
M P+1(TP+1 -  — ) ]

2 2 J

Cl RoP+l R , PI RM
— 2----------[ (2P+l)T2'j -pMlj+lTlj 1 ] ------£-

n ^ + i )
(3.3.2.28)

For case 4, the first order condition is

j4_+ CRapPf i - 1

P + l
OR PI R

+ — | - M  = 0 
2 r 2

(3.3.2.29)

and for the second order condition, we obtain

t\<X) 2A . CRo&fi-TflP-2 2P‘™
r,3dr2 r 3 + (3+1

(3.3.2.30)

Eq. (3.3.2.29) gives optimum value of r  = r4. Ensure that r4 < M.

3.3.3 Numerical Example and observations :

Consider numerical value of parameters in proper units :

[ A,C, / , / e,r]=[250,20,10%,12%,2%]

The following tables give effect of various parameters on optimum cycle time, optimum 

purchase quantity and total relevant cost per year.
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Table -  3.3.3.1

a\R 1000 500 750

0.01
T 0.3116 0.4399 0.3596
Q 311.89 220.20 269.95
Ki(T) 1870.57 1267.86 1589.13

0.02
T 0.3076 0.4332 0.3546
Q 308.08 217.11 266.45
Ki(T) 1884.63 1279.63 1602.19

0.03
T 0.3038 0.4269 0.3499
Q 304.45 214.19 263.13
Kj(T) 1898.43 1291.13 1614.99

Increase in the demand rate reduces cycle time, increases procurement quantity 

and total cost of the inventory system while increase in the deterioration rate decreases 

optimal procurement quantity and increases the total cost of the inventory system 

significantly.

Table -  3.3.3.2

a\fi 1.5 2 2.5

0.01
T 0.3116 0.3132 0.3142
Q 311.89 313.35 314.34
Ki(T) 1870.57 1862.96 1859.48

0.02
T 0.3076 0.3106 0.3127
Q 308.08 310.89 312.83
K,(T) 1884.63 1869.58 1862.69

0.03
T 0.3038 0.3082 0.3112
Q 304.45 308.54 311.36
K](T) 1898.43 1876.09 1865.86

Keeping «  fixed, increase in shape parameter p increases cycle time and

procurement quantity while decreases the total cost of the inventory system.
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Table -  3.3.3.3

0 \R 500 750 1000

1.5
T 0.4399 0.3596 0.3116
Q 220.20 269.95 311.89
Ki(T) 1267.86 1589.13 1870.57

2
T 0.4417 0.3613 0.3132
Q 220.99 271.12 313.35
K,(T) 1262.52 1582.51 1862.96

2.5
T 0.4431 0.3625 0.3142
Q 221.67 271.98 314.34
Ki(T) 1259.66 1579.27 1859.48

Increase in demand rate decreases the cycle time, increases the optimal 

procurement quantity and significantly increases the total cost of the inventory system. 

The increase in ft decreases the total cost of an inventory system and increases the 

optimal procurement quantity.

Table -  3.3.3.4

R \P 30 40 50

500
T 0.4399 0.4394 0.4390
Q 220.20 219.98 219.76
K,(T) 1267.86 1266.71 1265.55

750
T 0.3596 0.3590 0.3585
Q 269.95 269.54 269.13
K m 1589.13 1587.01 1584.89

1000
T 0.3116 0.3110 0.3104
Q 311.89 311.26 310.63
Ki(T) 1870.57 1867.32 1864.06

Increase in the selling price decreases the number of units to be procured and as 

a result total cost of an inventory system decreases. For fixed selling price increase in 

demand increases the cost of the inventory system and the procurement quantity 

significantly.
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Table -  3.3.3.5

a \ P I 30 40 50
T I 0.3116 0.3110 0.3104

0.01 Q 311.89 311.26 310.63
Kj(T) 1870.57 1867.32 1864.06
T 0.3076 0.3070 0.3064

0.02 Q 308.08 307.46 306.84
Kj(T) 1884.63 1881.34 1878.03
T 0.3068 0.3032 0,3026

0.03 Q 304.45 303.84 303.23
Ki(T) I 1898.43 1895.09 1891.74

For fixed «  , increase in the selling price decreases the values of the decision 

variables. For fixed selling price, increase in deterioration rate «  , reduces the number of 

units to be purchased but increases total cost of the inventory system.

Table -3.3.3.6

f3\P 30 40 50

1.5
T 0.3116 0.3110 0.3104
Q 311.89 311.26 310.63
Kj(T) 1870.57 1867.32 1864.06

2
T 0.3132 0.3126 0.3119
Q 313.35 312.71 312.08
Ki(T) 1862.96 1857.72 1856.48

2.5
T 0.3142 0.3136 0.3130
Q 314.34 313.71 313.07
Ki(T) 1859.48 1856.25 1853.02

For fixed shape parameter 0, increase in the selling price reduces optimum 

quantity to be purchased and total cost of the inventory system. For fixed selling price, 

increase in the shape parameter /} decreases the total cost of an inventory system and 

increases the number of units to be purchased.
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Table -  3.3.3.7

a \M 15/365 30/365 45/365

0.01
T 0.3116 0.3107 0.3091
a 311.89 310.94 309.36
K,(T) 1870.57 1742.39 1610.91

0.02
T . 0.3076 0.3067 0.3051
Q 308.08 307.15 305.59
K m 1884.63 1756.38 1624.80

0.03
T 0.3068 0.3029 0.3014
Q 304.45 303.54 302.01
Km) 1898.43 1770.12 1638.43

Increase in the delay period decreases the number of units to be purchased and 

the total cost of the inventory system. For fixed allowable credit period, increase in «, 

reduces the number of units to be purchased and increases the total cost of an 

inventory system.

Table -  3.3.3.8

p\M 15/365 30 / 365 45 / 365

1.5
T 0.3116 0.3107 0.3091
Q 311.89 310.94 309.36
Ki(T) 1870.57 1734.80 1610.91

2.0
T 0.3132 0.3123 0.3107
Q 313.35 312.40 310.81
Km> 1862.96 1734.80 1603.36

2.5
T 0.3142 0.3133 0.3117
Q 314.34 313.39 311.80
K,(T) 1859.48 1731.33 1599.93

Increase in the delay period for fixed shape parameter, decreases the number 

of units to be procured and the total cost of the inventory system. For fixed allowable 

credit period, increase in the shape parameter increases the number of units to be 

purchased and decreases the total cost of the inventory system.
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Table -  3.3.3.9

P\ M 15/365 30/365 45 / 365

30
T 0.3116 0.3107 0.3091
Q 311.89 310.94 309.36
K,(T) 1870.57 1742.39 1610.91

40
T 0.3110 0.3081 0.3033
Q 311.26 308.40 303.59
K,(T) 1867.32 1729.29 1581.13

50
T 0.3104 0.3056 0.2975
Q 310.63 305.84 297.70
Ki(T) 1864.06 1716.08 1550.77

For fixed allowable credit period, increase in the selling price reduces the number 

of units to be procured and the total cost of the inventory system. For fixed selling price, 

increase in the allowable credit period reduces the number of units procured and the 

total cost o f the inventory system.

Table -3.3.3.10

l r \ M 15/365 30/365 45 /  365

0.12
T 0.3311 0.3291 0.3257
Q 331.40 329.39 326.00
Ki(T) 1797.32 1689.47 1575.35

0.15
T 0.3116 0.3107 0.3091
Q 311.89 310.94 309.36
Ki(T) 1870.57 1742.39 1610.91

0.18
T 0.2953 0.2953 0.2953
Q 295.50 295.50 295.50
Kj(T) 1938.57 1790.61 1642.65

For fixed delay period, increase in the interest charges to be paid reduces the 

cycle time and number o f units to be procured and increases the total cost of the 

inventory system.
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3.4 Conclusion :

In this chapter three mathematical models are formulated. Section 3.1 is a lot- 

size model with time dependent deterioration of units and permissible delay in payments 

which is extended by allowing shortages to an order level lot size model in Section 3.2. 

Different scenarios of permissible delay in payments are discussed. It is found that the 

model in Section 3.1 is sensitive to the rate of deterioration of units in the inventory 

system, demand rate, purchase price of a unit, ordering cost and the allowable delay 

period. The model in Section 3.2 is also sensitive to the backorder cost. By putting T i =  0 

in the model in Section 3.2, it reduces to the model in Section 3.1. These models can be 

extended by introducing inflation rate, price dependent demand etc.

In Section 3.3 an attempt is made to develop an EOQ model for time dependent 

deteriorating items to determine the optimal ordering policy when the supplier offers 

cash discount and a permissible delay in payments. The Taylor series approximation is 

used to derive analytic results. A numerical example is provided to verify the results 

obtained in market. The proposed model can be extended taking demand to be a 

function of selling price, time varying and stock dependent. It can be generalized to 

allow for shortages and inflation rates.
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AN EOQ MODEL FOR DETERIORATING ITEMS WITH PRICE 

DEPENDENT DEMAND UNDER SUPPLIER CREDITS
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4 .0  In tro d u c tio n :

In th is  p a p e r, a n  E O Q  m o d e l fo r  c o n s ta n t ra te  o f d e te rio ra tin g  item s  an d  se lling  price  

d e p e n d e n t d e m a n d , in w h ich  th e  s u p p lie r p ro v id es  not o n ly  a  c a s h  d isco u n t b u t a lso  a  

cred it p erio d  to  th e  c u s to m e r, is d is c u s s e d . T h e  c h a ra c te r iza tio n  o f th e  o p tim a l so lu tion  an d  

a n  e a s y -to -u s e  a lg o rith m  is g iven  to  find  o p tim u m  s e llin g  price , o p tim a l o rd e rin g  quantity , 

a n d  o p tim u m  re p le n is h m e n t t im e  to  m a x im iz e  th e  n e t profit. F ina lly , th e  n u m e ric a l e x a m p le  

is g iven  to  s e e  th e  in te rd e p e n d e n c e  o f in ven to ry  p a ra m e te rs  on  d ec is io n  v a r ia b le s  an d  

h e n c e  o b je c tiv e  fu n ctio n .

4.1 A ssum ptions and N otations.

T h e  fo llo w in g  a s s u m p tio n s  a n d  n o ta tio n s  o th e r th an  A .1 a n d  N .1  a re  u se d  to  

d e v e lo p  th e  p ro p o sed  m a th e m a tic a l m o d e l.

1. T h e  d e m a n d  is R(p)= a - b p  , ( a , b > 0 ,  a »  b),p d e n o te s  se llin g  p rice  of th e  

item .

2 . S h o rta g e s  a re  n o t a llo w e d .

3 . T im e  horizon  is in fin ite.

T h e  fo llow ing  n o ta tio n s  a re  u se d  th ro u g h o u t th e  p a p e r  

C =  th e  unit p u rc h a s in g  cost, w ith  C  <  p  

r =  th e  c a s h  d isco u n t ra te , 0 < r <  1 

6  =  th e  c o n s ta n t d e te rio ra tio n  ra te , 0  * £ Q <  1 

M i  =  th e  perio d  of c a s h  d isco u n t

M  =  th e  p erio d  o f p e rm iss ib le  d e la y  in se ttlin g  a c c o u n t, w ith  M>  Mi  

p , Q  a n d  T  a re  d ec is io n  v a ria b le s
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K(p,T) = th e  to ta l re le v a n t cos t p e r  y e a r  

NP(p,T) =  th e  n e t profit p e r  y e a r

T h e  to ta l re le v a n t c o s t co n s is ts  o f (a )  O rd e rin g  cost, (b ) C o s t o f  d e te r io ra te d  units, 

(c) C o s t of c a rry in g  in v en to ry  (exc lu d in g  in te re s t c h a rg e s ), (d ) c a s h  d is c o u n t e a rn e d  if th e  

p a y m e n t is m a d e  a t  Mi (e ) C o s t o f in te re s t c h a rg e d  fo r  unso ld  ite m s  a fte r  th e  p erm iss ib le  

d e la y  M, a n d  (f) in te re s t e a rn e d  fro m  th e  s a le s  re v e n u e  d u rin g  th e  p e rm is s ib le  p erio d .

4.2  M athem atica l Form ulation  :

T h e  in v en to ry  leve l I(t) g ra d u a lly  d e c re a s e s  partly  to  m e e t th e  d e m a n d s  a n d  partly  

d u e  to  d e te rio ra tio n . T h e  d iffe ren tia l e q u a tio n  g o v ern in g  th e  v a ria tio n  o f in ven to ry  w ith  

re sp e c t to  t im e  c an  b e  g iven  by

+0I(t) = -R (p )  O ^ t ^ T
dt

(4 .2 .1 )

w ith  th e  b o u n d a ry  co n d itio n  1(0) =  Q a n d  1(T) = 0 ,

T h e n  th e  so lu tion  o f (1 )  is g iven  by

0
(4 .2 .2 )

A n d  th e  o rd e r  q u a n tity  is

(4 .2 .3 )

T o ta l d e m a n d  during  o n e  cyc le  is R(p)T. H e n c e , th e  n u m b e r of d e te rio ra tin g

item s  during  a  cyc le  t im e  is
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= Q-R(p)T

JJL±d{eer_er_Y) (4.2.4)

The total relevant cost K(p, T) per time unit consists of the following costs.

a) Ordering cost per time unit = - j r

b) Cost of deteriorated units per time unit = C('a (e®1' -& F -1)

(4.2.5)

(4.2.6)

c) Cost of carrying inventory per time unit

= h(JL-M iee r _ &r_ d  (4.2.7)
e2t

Regarding cash discount, interest charged and earned, there are four 

possibilities based on the customer’s two choices either to pay at M ; or M and 

the length of T.

Possibility (1): The payment is made at Mi to get a cash discount and T> Mi 

Possibility (2): The customer pays in full at Mj to get a cash discount but T<Mj  

Possibility (3): The payment is made at time M  to get the permissible delay and 

T Z M

Possibility (4): The customer pays in full at M but T < M

Next, we discuss cash discount, the cost of interest charged and interest 

earned for each of the above mentioned four possibilities.
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Possibility (1): T>MX

time

Since the payment is made at time M-|, the cash discount per year is given by

rCQ _  rC(a -  bp) ffT ^

t  er
The interest charged per year is

Cl (F CI (a-bp) f)(T—M }= f/(,)<& = -_£-_---
T  *

Mi qLt

The interest earned per year is

pl M’
= - f  } R(p)tdt

pI(t(a-bp)M1
2 T

Using (4.2.5) -  (4.2.10), the net profit per year NPip, T) is 

N P ^ T )  = (p -C)(a -bp)~Y~  ~  6T~

h(a-bp)( _GT ^  1 }  rC(a-bp)  1 }

62T 8T

CI (a-bp) 6(T-M,)
— s 1 - e ( T - M ) - i ) +rr

pIc(a-bp)M1/
IT

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)
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Possibility (2) : T < M j

In v en to ry  leve l

H e re , th e re  is no  in te re s t c h a rg e d , c a s h  d is c o u n t is th e  s a m e  a s  th a t in 

p oss ib ility (1 ).

T h e  in te re s t e a rn e d  p e r  y e a r  is

pi  J
= —f [  J R ( p ) t d t + R ( p m N L - T ) )

T 0

= pIe (a-bp) (Ml ~ )

H e n c e , n e t p ro fit jVP2 ( p , T )  p e r  y e a r  is

NP (p,T) = { p - c ) ( a - b p ) - e r - 1 )
Z  I  V I

h ( a - b p ) ^ e r  f f r  ^  r C ( a - b p ) ^_OT  ^

(p-p 6T

(4.2.12)

ple {a-bp){Mr  | ) (4.2.13)
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Possibility (3 ) :  T > M

Inventory level

time

Since the payment is made at time M, there is no cash discount. The

interest charged per year is

Cl /
=  J  I{t)dt ■■ 

M

Cl  ( a-bp) atT_ 

rT
The interest earned per year is

PIe pI„(a-bp)MxJ R(p)tdt
2 T

Therefore, the net profit NP3 (p, T) is

NP (p,T) = (p-C ) ( a - b p ) - ^ -  C{a bp) (em ' - f f T - l )
D l Ul

-  h â ~ b? \ (e01 -  & T - 1) -  CI^ a. bP\ e9^T ~ M) -  6 {T - M ) -1) 
€rT f i r

+
pIe(a-bp)M'

(4.2.14)

(4.2.15)

IT (4.2.16)
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Possibility (4 ): T < M

Inventory level

In this case, there is no interest charged.

The interest earned per year is 

p l  T= —f[ j R(p)tdt+R(p)T(M-T) ]

0

= pI (a-bp) (M
e z

Hence, the net profit NP4(p,T) per year is

NP (p,T) = ( p - C ) ( a - b p ) - ~ -  C{a~^P) ( e ^ - O T - l )  
H 1 in

~ h ( a ~ bP) (eB r - f f r - l )  +  pl  (a - bp)(M- ~ )e 2

(4.2.17)

(4.2.18)
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Theoretical Results:

T h e  firs t o rd e r  con d itio n  fo r  NP}( p ,T ) in (4 .2 .1 1 )  to  b e  m a x im u m  is

dNPj( p,T) = 0  md dNPj ( p,T) _ Q 
d v  dT

dNPi(p,T)
g~ = 0 gives

a 1
2b b(2T+IeM 2 )

Cl b 9 ( T - M )  

( rT
- O V - M J - l )

+ b{h + C e a - r ) } ( e ffr- l ]
u

(4 .2 .1 9 )

GT
S u b stitu tin g  th is  in (4 .2 .1 1 )  an d  ta k in g  T a y lo r ’s S e r ie s  a p p ro x im atio n  o f e by  

n eg lec tin g  h ig h e r p o w e rs  o f B a n d  r, w e  get,

NPAT) = - —+[ -  
1 T 1 2 (2T + 7 M S )  e l

cT - M A 2 Q{T- M, )3
„ {Cl  (---------- *—  + ------------- l-— )
2 S  c K 2 6

9 hT ~CI (T -M J 2 0 (T -M .)3 h0r+fc0r2-— } * — H----i— +-----i— )+—
0 J L 2T 2 6 2

20  2 6 2b 2T 2 (4 .2 .2 0 )

A n d  h e n c e , ..=  o c a n  b e  s o lv e d  b y  N e w to n  -  R a p h s o n ’s  m e th o d .

C a ll th is  so lu tion  to  b e  Tj.
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Arguing in a similar way for possibility (2), P^jp/T) = q giving us
dv

ap =  — h
y  2b

b c ie 01 -  e r r - 1) m e 01 -  flr-i)
&r e^T

. brcie91' - 1) , L + --------------- 1-cb
e r

and hence,
(4.2.21)

NPAT) = - — + \ a - b { —  + --------- — ------
2 T L 2b 1 -7  (A fj-772 )

{c(l+r)(l + — ) + — (1 + — )}}]

(1-7  (M .-7 7 2 )){—  + 

„ C0T /tr „ 0T

1 r &T\ hT GTm ,---- (c(l + r)(l-t----- ------- (1h----- )}}
2b l - 1  (M1- 7 7 2 ) 1 v 2 2 3e l

0.(1 + —  )-rC (l + ~)] 
2 2 3 2 J (4.2.22)

Similarly, . = 0 from (4.2.16) gives
op

a
P = —  +

2b b(2T + /  M2 )
6C + bC{em - & T - 1) W K e ^ - e r - l )

0T

+ - ^ ( e 6 (r  M ) - 0 ( T - M ) - 1) 
qLt

and hence,

a  r . ,  a r  „ er̂  hb,„ erNP3(T) = - ~ + { a - b { ^ -  + -
* T 2b 2T + I  M l

(M 1  + — ) + — (T  +  )
2 2 3

(4.2.23)

/  M
+ ^ ( ( r -  M)2 + }}]*[(l+^ ) { ^  + r  fI „  « r,i . ------- -̂{7?c(l + — )

2T 2b 2T + I  M2 2

2 3 2T 6 2

+ M l + r + » A _ S : ( ( r _ M )2 + S ^ |]
0 2 6 2F 3 J

(4.2.24)
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S im ila rly  ^N  p 4 (  p , T )  _  Q f0 r (4 .2 .1 8 )  g ives  
ov

p  = — + ________ ! ________ [ b c ^ - e r - i )  b K e ^ - e r - i )

P 2b b ( 2 - I e ( M - T ) ) L 6T £ t
(4 .2 .2 5 )

a n d  h e n c e ,

NPAT) = - —+ \ a - b { — + ---------- -----------
4 T 1 2b b ( 2 - I  ( M - D )

f r r  f r r
{hb(.T+— )+bc( ! + — )}>]

( 1 - /  ( M 1 - T / 2 ) ) { — + -------------- ---------  .
1 , ,x2b b(2~I  ( M- T ) )  2

{— (r+— )+&c(i+— )}}]

6T r&T, h & r l
- C ( l  + — + — ) - - ( T  +

2 2 2 3 ■)] (4 .2 .2 6 )

4 .3  S pec ia l C a s e s :

1) A s  a  s p e c ia l c a s e , it w e  put M} = M a n d  r =  9 =  0, th e  m o d e l re d u c e s  to  th a t o f C h u n g  

(1 9 9 8 )  a n d  T e n g  (2 0 0 1 ).

2 )  T h e  c lass ica l E O Q  m o d e l is a  s p e c ia l c a s e  o f possib ility  (1 )  w ith  M i =  0  a n d  r =  0  ( o r  

possib ility  (3 )  w ith  M =  0)

4 .4  N um erica l E xam ple  and ob serva tio n s  :

C o n s id e r  th e  inven to ry  s ys te m  w ith

K =  $  2 5 0  /  o rd er, a =  2 0 0 0 , b = 1 2 , h =  $  0 .2  /  un it /  y e a r , C  =  $  2 0  p e r  unit, Ic = 1 5 %  /  unit /

y e a r , I e -  1 2 %  /  unit /  y e a r , Mj =  1 5  d a y s  =  1 5  /  3 6 5  y e a rs , M  =  3 0  d a y s  =  3 0  /  3 6 5  y e a r
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Table

Variable T Q P NP

a
1000 0.1445 80.95 36.72 12217.98
2000 0.1236 128.73 80.04 21414.23
3000 0.0964 148.66 121.69 31714.57

b
10 0.1209 125.05 96.71 21480.12
12 0.1236 128.73 80.04 21414.23
14 0.1266 132.74 68.14 21350.44

A
150 0.0951 99.04 80.02 20984.45
200 0.1101 114.94 80.03 21216.52
250 0.1236 128.76 80.04 21414.33

M/
15/365 0.1236 128.76 80.04 21414.33
30/365 0.1258 131.19 80.01 21415.57
45/365 0.1308 136.31 79.99 21355.00

le
0.11 0.1235 128.69 80.04 21415.92
0.12 0.1236 128.76 80.04 21414.33
0.13 0.1237 128.90 80.04 21413.00

Ic
0.14 0.1235 128.74 80.03 21418.41
0.15 0.1236 128.74 80.04 21414.26
0.16 0.1236 128.74 80.04 21410.16

R
0.2 0.1236 128.74 80.04 21414.26
0.3 0.1218 126.90 80.04 19443.45
0.4 0.1202 125.14 80.04 17472.20

e
0.02 0.1502 158.52 78.85 24087.39
0.03 0.1236 128.76 80.04 21414.33
0.04 0.1042 108.48 80.09 20087.39

Observations:

• Increase in a, the constant demand factor reduces optimum cycle time, increases 

optimum purchase quantity, selling price and net profit of the system. The decision 

variables and the objective function are very sensitive to this factor.
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• Increase in b, results in increase in optimum cycle time and optimum procurement 

quantity but significant decrease in optimal selling price and net profit of the system.

•  Increase in ordering cost increases optimum cycle time and purchase quantity and 

decreases net profit. Selling price of an item is insensitive to changes in ordering cost.

• Optimum cycle time, purchase quantity and net profit increases with increase in the 

credit period. Here selling price is again insensitive to allowable delay period.

• Increase in interest earned increases cycle time, purchase quantity and net profit in very 

little margin.

•  Increase in interest charge reduces net profit of the system.

• Increase in discount rate decreases optimum cycle time and purchase quantity. Net profit 

is very sensitive to changes in cash discount factor, r.

• Increase in deterioration rate of items reduces optimum cycle time, purchase quantity 

and net profit significantly.

4.5 Conclusions:

In this chapter, an EOQ model for deteriorating items with price dependent demand 

is developed to determine the optimal ordering policy when the supplier provides a cash 

discount and /  or a permissible delay in payment. Taylor’s series approximation is used to 

obtain the solution. The effects of changes in parametric values are studied on the decision 

variables and objective function. The proposed model can be extended to allow for 

shortages, quantity discounts and inflation rates.
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CHAPTER 5

AN EOQ MODEL FOR DETERIORATING ITEMS WITH 

SELLING PRICE AND STOCK DEPENDENT DEMAND DURING 

INFLATION UNDER SUPPLIER CREDITS.
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5 .0  In tro d u c tio n :

In  th is  c h a p te r , a n  in v e n to ry  m o d e l is d e v e lo p e d  fo r  d e te r io ra tin g  ite m s  fo r  w h ic h  

th e  d e m a n d  is d e p e n d e n t  o n  th e  s e llin g  p ric e  a s  w e ll a s  th e  s to c k . T h e  u n its  in in v e n to ry  

a r e  s u b je c t to  c o n s ta n t ra te  o f d e te r io ra tio n . S h o r ta g e s  a r e  n o t a llo w e d  a n d  th e  s u p p lie r  

p ro v id e s  a  c a s h  d is c o u n t a n d  a  p e rm is s ib le  d e la y  in p a y m e n ts . T h e  o p tim a l s o lu tio n  is 

c h a ra c te r iz e d  to  o p tim iz e  th e  n e t  pro fit. A n  e a s y - to -u s e  a lg o rith m  is g iv e n  to  find  th e  

o p tim a l s e llin g  p ric e , th e  o p tim a l o rd e r  q u a n tity  a n d  re p le n is h m e n t c y c le  t im e  th a t  

m a x im iz e s  th e  n e t  p ro fit. A t  th e  e n d , a  n u m e ric a l e x a m p le  is g iv e n  to  illu s tra te  th e  

th e o re tic a l re s u lts  a n d  se n s itiv ity  a n a ly s is  o f p a ra m e te rs  o n  th e  o p tim a l s o lu tio n s  is 

c a rr ie d  out.

5.1 N o ta tio n s  a n d  A ss u m p tio n s :

T h e  fo llo w in g  a d d itio n a l n o ta tio n s  a n d  a s s u m p tio n s  o th e r  th a n  N.1 a n d  A.1 g iv e n  e a r lie r  

a re  u s e d  in th e  c h a p te r .

A ss u m p tio n s :

1 S h o rta g e s  a re  n o t a llo w e d .

2 . T h e  d e m a n d  ra te  fu n c tio n  R(t) is d e te rm in is tic  s e llin g  p ric e  d e p e n d e n t  a n d  is a  k n o w n  

fu n c tio n  o f in s ta n ta n e o u s  s to c k  le v e l lit). T a k e  fu n c tio n a l fo rm  o f R(t) a s

R(p,I{t ))  = a~Pp +8 ( t ) ,  0 < t < T  (5 .2 .1 )

w h e re  a>0,  a » f i ,  0 < < 5 < 1

N o tatio n s:

Q = T h e  c o n s ta n t d e te r io ra tio n  ra te  

r = C a s h  d is c o u n t ra te

M  = P e rm is s ib ie  d e la y  in s e ttlin g  th e  a c c o u n ts  a n d

R(p,l(t)) = T h e  d e m a n d  d e p e n d e n t  o n  th e  s e llin g  p r ic e  a s  w e ll a s  th e  s to c k  p e r  u n it t im e
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R ( p , l ( t ) ) = a - $ > + 8 ( t ) ,  

where a, is the fixed demand and a > 0 

p  and 8 constants, a »  p, a »  8 

p  and Q are the decision variables.

5.2 Mathematical Formulation :

The depletion of inventory occurs due to the combined effects of the demand and 

deterioration of units in the interval [0 ,T ]. Hence, the variation of inventory level I(t), 

with respect to time can be governed by the differential equation

Q ^ + e m  = -(a~-$p + &(t)), 0 < t < T  (5.2.2)
dt

with the boundary condition 1(0) = Q and I(T) = 0, the solution of (5.2.2) is given

j/t\_ ĉ(0+<5)(r~t) o<t<i
(0+ 8)

by

(5.2.3)

and the order quantity is

Q = K  0) =
( a - p p ) r(0+8)T  
(0+ 8) 1 - 1]

(5.2.4)

From (5.2.3), the inventory holding cost, IHC, in the interval [0 ,r], per time unit is

T

IHC = — f l(t)dt 
T 0

=  h  ("r.l22[/e+ S ) T ...(0+ syy'_ J] (5.2.5)
T (0+S)2

and the number of units deteriorated during interval [0,T], is

T
1(0)- j ( a ~ P p  + 8l(t))dt 

o

Then the deterioration cost, CD, per time unit is

CD = C(a ~PP i[{e(6+®T - i ) (e+S)  —T(6+8)-S (e ie+S)T -(0+S)T  -1)] (5.2.6)
T(0+8)2
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The ordering cost, OC, per time unit is

OC = -  (5.2.7)
T

Now, regarding the period M of permissible delay in settlement of accounts, there are 

two possibilities: Case (1): M < T  and Case (2): M > T  

Case(1 ) : M < T  f

Here, the length of the period is greater than the credit period. So, the buyer can use the 

sales revenue to earn the interest with an annual rate Ie in [0,M ], denoted by /JSi.Then, 

pi  ^
IEj J (a~Pp + Si (t))tdt

Q

0 M T

0
ei e + m - M ) ^ +^ g+S)2n

(5.2.8)

Here the payment is paid to be made at time M where M<T.  

The cash discount CDC per year is given by

rCQ rC _(0+8)T (5.2.9)
T T (e + s )

The interest charged /Ci per year is
T

M

CIc ( a - P p ) [c( 9+8) (T- M)  
T (0+S)2

- ( 6 + S ) ( T - M ) ~  1] (5.2.10)
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Now the net profit NP-\ using equation (5.2.5) -  (5.2.10) is 

NPx{p,T) —( p - C ) R ( p , i m - C D - I H C  - 0 C  -C D C  + /£ , - /C , (5.2.11)

= ( p - C ) R ( p , I ( 0 ) ) - ^ : :^ - [ ( e (' e + S ) T - l ) ( 9 + S ) - T ( 9 + S ) - S ( e (' 6 + a ) T - ( 9 + S ) T - l ) ]  
T(9+S)z

h ( a - P p ) [c(9 + 8 )T  ( g [ g ) r  13 A r C ( a - $ p ) [c(9 + 8 )T  

T (9+S)2 T T  ( 0+<5>

jLna-finOL--- S— iMeie+ W ~ M ) ^ mS)2n
T ^  2 (S+<5)3 '  2

_ CIc ( a - P p )  (9 +  S)(T M )  , e t S ) ( T  (5.2.12)

T (9+S)2

Case ( 2 ) : M > T

Here there is no interest charged.

The cash discount is the same as in case (1). 

The interest earned per year IE2

IE2 ^ ^ £ - [  I R (p , I ( t ) td t  + R ( p , I ( 0 ) ) ( M - T ) ]  
0

p i
( a - M - +

ST er
(0+<5)3 ( 9 + 8 )2 2 (9+5 )

+ U+
8(e( e + 5 ) T - l )

(9+S)
K m - t )j

(5.2.13)
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Thus net profit for case(2) is

NP2 (p, T) = ( p -  C)R(p, 1(0)) -  C D - m e  -  OC -  CDC +  m 2 (5 .2 .14 )

: ( p -  C ) R ( p , I ( 0 ) ) - C<<a Prt [(e(0+ 3)7  - 1 )(0 +  8 ) -  T(0+ 8) - 5 (e (0 +  3)7 - ( 6 +  <5)7-
T(9+8)*

1)1

h ( a - p P) [c(e + 8 )T  { 0 { 5 ) T  X] A r C ( a - P p ) [c(Q+8)T l}
( 6+ 8) ' T T (9+8)

PL
-+■

8r
- + -

ffr1

T ( 9 + 8 y  (9+8)z  2(9+8)
+ {1 + S (e ^ +S>T -1)

(9+8)
} ( M - T )] (5 .2 .15 )

Theoretical Results:

Th e first order condition for NPi(p,T) in (5 .2 .1 2 ) to be m axim um  is 

J » m i L s o and = »

dNPi(P,T)
dP = o gives

%xp -  —

y %Y

where

%X=(a+Cp)(  1 +

c(e(0+ 8)T i T _ S(e(6+S)T ~ (9 + 5 )T - 1) )

^ m S ) T - % +P{C{e^ ' " "  ................

e+ 5  (e+5>r

h(ei6+S>T - (e+ 8)T - l )  rC(e^+S)T- 1) Cl ( e ^ +^ T ~ M^ ( 9 + 8 ) ( T - M ) - 1)

(9+S)z T (9+8)T (9+8)z T

H—

I g-[05M2 g<M e(6+g)(r M)(0+g) + e(0+<S)(T M )- 1 + 0 5M2(0+5)2 ) ]
(0 + 5)3 .

l + 5 ( / 0+5>r - l )  /e l°'5M %Y = 28L--— - - - - Z-----“ +

2 5(M e^+5>(r - M>(0+5) + ̂ + ^ - M>-l+O.5M2(0+5)2) 1
(0+5)'

(9+8)
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Substituting this p  in (5.2.12), we get NP}(T)

%7 R%7 A h ( a -  )%5
iVR (T) -  (— - C ) ( a - £ ^ 1 ) % 2 -  

1 %3
%3 %3%3 (0 + 5 ) r (0 + 5 )i 2 r

rC( a ~ ^ ) ( e (6 + d )T -1 )  C l ( a - ^ ) % 4  %77 ( a - ^ - ) % \  
%3 __________  _ c %3 , _  ev %3 '

(.e+ 8)T
where

(Q+S)2 T
• +  ' %3r

%1 = 0.5M 2 6 iM e ^ + ^ T ~ M \ 9 + S) + e^ + ^ T - M ^ - 1 + O.5M2 (0 + 5 )2 )

(e+<5)~

%2 = 1 + & 6+S>T - l )

% 3=2p% 2+2

e+s
i /j%i

%4 = e(0 + 5 ) ( r  M ) - ( 6 > + 5 ) ( r - M ) - l  

%5 = e(0+  -  (0+  <5)7- 1

%6 = e ^ +S^T - l - T -
8% 5 

(9 + 8 )

%7 = (a +  Cp)%2+ p ( , C%6„  +
h%5

+
(9 + 5 )T  (e + S)2 T  ( e + s )T

rC ie(o + $ ) T _ 1) a m  i j M
■ +

(e + s )2 !

and hence dNP7P  =  ooT (5.2.16)

dNPx(T) % n  

d r  %3
%7%10

%32
)%13%2 + (

%7
%3

-c)% 14% 2 + (— -c )% l38e^9+S)T  
%3

i  ' I f  Of 1 1   -I   %  1 1  0  •>

C% 14%6 c /0 l^ /0XX 1 3 + 3  '  C%13%6 h%14%5
(9+S)T (9+S)T + (G+8)T2 (G+8)2T

h%l3(%ll-9-8) h% 13%5 rC%14(ê 6+S)T-1) rC% 13(ê 9+S)T)
T(9+ S)2 +  T 2 ( 0 + c 5 ) 2  (0+S)T T

rC%13(ê 9+8)T-l) CIc%\4%4 Clc%13(%8-9-8) Cl%  13%4

( 9+S)T2 (9+ S)2 T ( 9+8)2 T ( 9+S)2 T2
%12/  %13%1 % 7/ %13%1%10 % 1I %14%1 %77 <5%13%9 e____________ e___________ j e____________ e_______

% 3r %32r %3T %3(9+8)3T
%1I %13%1

%3r2
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w h e re

%1 = 0.5 M * -2 8(Me«>+S>(T- M\ e + S)+/ e+5>(T - M) - 1  + 0.5 M2(6+8)2)
(0+<5)-

%2 =  1 +
S (e(Q + S )T  ~  1) 

0+S
I B%1

%3 =  2 fi% 2 +  2 — -------

%4 = e('6+ - ( 0 +  8)(T-M)  -1

%5 = e(0+<5)T-(0 + < 5 )r - l  

%6 = ê 6+S)T-1  - T —

%1 -  (a+Cp)%2+fi(-

5% 5 
(d + S )

C% 6
- + -

h% 5
\9 + 5 ) T  (g + 5 )2 T

%8 =  ( 0 + < 5 ) ^ + 5 * r - M >

%9 = M(0+ <5)2e(0+ ̂ (r  ~ M) + %8
(0+5)r 2 i j s m _ 2 i ep%i

+ rC(e(0+S)T- 1) C/ %4 1 « %1
(0+<5)T

- +

(G+8)2 T
) + -

%10 = 2 pSe
(0+S)3T

% ll = (0+<5)e(6>+<5)r
I  aS%9 1 %1

%12 = (a+ Cp)8e{d+ 6)7 — s--- -̂-------
(0+S)i T T2

+ $ -

C(% 1 1 -1 -  ..-  —)______ 0+ 8 C%6 h { % l l - 0 - 8 ) s
(0+<5)T (0+<5)T2 T(0+5)2

ft%5 rCe(0 + g )r  rC(e(0 + 5 )T - l )  C/c (% 8 -0 -ff) C*c %4

( 0 + 5 ) 2 T 2
+  - - + -

( 0 + 5 > r (0 + 5 )2 r  (0+ 5)2 r 2
]

%13 =  ( a - ^ ^ >
%3

% l d - (  ^% 12| ^%7%1° )
%3 %3

T h is  can  be  so lved  by  N e w to n -R a p h so n ’s  m e thod . C a ll th is  so lu tio n  to  be T |° . T h e

cyc le  tim e  T = T °  o b ta in e d  b y  so lv in g  eq . (5 .2 .1 6 ), m a x im ize s  th e  ne t p ro fit b e cause

d2NPJT)
---------1— < o

d r2
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Arguing in a similar way for case (2), we get 

%x
%Y

where

r . ^  5 (e ^+ ^ '7 - l )  ~.rc(e^+<̂ - l )  h (0+5)7 , n%X = (a+cP)[ 1 + —---------------] + Pi~ ----------------- + ----------- -(0 + 5 )7 -1 )
(0+5) (0+5)7 7 (0+ 5)2

+ ----^ -^ - { (e (e+ 5 )r - 1)(0+ 5) -7 (0 +  5) -  5(e(0+ 5)71 -(0 +  5)7-1)}]
7 (0+5)z

<* r 5+ ~ z f[
57 07/

r (0+5)3 (0+5)2 2(0+5)
+ (1+

& 0 + S >T - l )
(0+5)

) (M -7 ) ]

%Y = 2J0[(1 +
5(e(0+5)7_i) 1 5

) + ^ {
57

- + -
OF1

(0+5) 7 (0+5)3 (0+5)2 2(0+5)
- + ( 1+

S(/B+S>T-1)
(0+5)

) (M -7 ) } ]

and hence substituting this p in (5.2.15)

%2
%1NP2(T) = (--£=■-C)(a+^— +m ^ ^ e+ s,T- "

%1 (0+5) )
C («+l^2)[(e^ +  $>r  - 1)(0+ 5) -  (0+ 5)7- 5(e(0+ -  (0+ 5)7-1)]
______ % !_____________________________________________________

(0+5)

/I( a + ^ ) ( ^ + ‘5>r - ( 0 + 5 ) 7 - l)  r C ( a + ^ ) ( ^ 0 + ^ - l )
%1 ___________ _ _ _ _  % 1 __________ _A

7 (0+5)27 (0+5)7

57 072 (e(0+<5)r- l ). 5%2sr 5
/  % 2(a+ -— )[-------T -------— 7T+-
e %1 (0+5)3 (0+5)2 2(0+5) +  ( 1+- 0+5

) (M -7 ) ]

%17

where

/  ^5M(er ( 0 + 5 ) - l )  PeT ( 0 + S ) (I  - 5 )  $ 3 ( 7 - 1 )
%1 = —2—------- — ;---------- + 2--------- r— r-2------ + 2/3(7 - l ) - 2 -  e

7(0+5) 0+5 0+5
/ $3 i  dp i  pre i  pm■2-------£ ------—+2 e  — - — - - 2—  

7(0+5)J (0+5)2 (0+<5) T
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%2 = a+
(rcp+ ieaM)eTi-0+ s> Kh+ce)J ( e +S)
-------------------------------------— — 1—  ----------h ...................................— - r * ---------------- 1--------------------------------------------------------

T(9+8) T(9+8)

8(a+Cp+hp-I  a( l-SeT(G+S))) hp
9+8 7 (0 + 5 ) 2 Jea '

9+8

Cfi9

-+cp

1

cp8{ l - 9- 8) rCp+IeaSM  ̂ la 8
(0 + 5 )2 

I  cM

I a8_e___ _j__ e_

(9+8)2 T 
/  a70

e + D

( e +S)T t (9+8)3 (9+8)2 2 (9+8)

and again dNP̂ (5.2.17)

MP2(T) %5 %3%4 /K%l)(e<-B+S>T - l )  %3 -V)
%2 %22 9+8 %2dT

+ 8(%l)e (9+8)T1 C%%((e^6+S)T ~1 )(0+  8)-(9+  S)T-8%6)
(9+8)2T

C% 7((0+ S)2e^e+ 5)1 -  9 -  8 -  5 ((0+  5)e(0 +  5)7 -  9-8))
(9+S)2T

C%l((e^9+S)T-l)(9+ 8)-(9+ 8)T-8% 6) A h(% 8)%6
H--------------------- r— ^---------------- h

(■9+8)2T2 T2 ( 9+S)2T

h%l{{9+8)e<e+S)T - 9 - 8 )  ; h%l%6 rC%S(e^B+S)T-1)
(9+S)2 T (9+8)2T2 (9+8)T

9+8

rC%le^B+S)T rC%l(e^B+S)T- l )  l e%l rnfenfn %3%7%4 %3%7.
- + -------- ---------- ------- -— [ %5%7--------— -----+ %3%8------------ ]

(0+  8)TZ %2T %2

I %3%7 
*  — l-

9T
%2T (e+S)2 (9+8) ( 9+8)

where

8 8T
- + -

0 r

(0 + 5 )3 (0+<5)2 2(0+5)
+{1 + ^ e+ s>T - i)  

(0+ 8) }(M —T)
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I p8M(eT('6+S) - 1) jSer(0+<5V  -5) <50(7 -1)
%2 = -2   _--------  + 2—--------- 4 - ^  -+2)8(7 - D - 2 - - -g

7X0+5)
7 <̂3 7

-2----S--- —+ 2— -

0+ 5
7 fiT9 7 /3M

------2~g——

0+5

%3 = a +

r(0 + 5 )3 (0+5)2

( r C / j+ ^ a M ) ^ 94- ^  tKh + Cff>eT^ +S> « a + C J8 ) / (® + «
7X0+5) 7X0+5)" 0+5

+ Cj8

S (a + c p + h p -I  a ( l - & r(0+<5))) hfi
0+5 T(0+5)

Q 3 5 (l-0 -5 ) rCp+1gCc8M l a 8

r Q30 s1
2  ‘ ’ “ " ' ( e + 5 ) 2  J-

7 a5 7 cCTB 
e  ......  + . ........ e .................................

(0+5)" (0+5)J r(0 + 5 )3 (0+5)2 2(0+5)

+
7 aM e

%4= H J _ ^ §eT(e+8){M_M__m_+ 1 + s e _ dM _^_s—
" * ‘ Ck \ 2  T T T2 (0+5)2(0+5)

7X0+5)

%5 = r

0 M (0+5) 5M
?.+ t-2 t-2

r rO r
~2+T + T ~  T (8+ $)'T

6 ( i + 0 + i  ) + 5(0+5)} + 5a(0+5)

+ W
1

- +
0

+ -
(0 + 5 )r2 (6+8)T (0+5)T

1 , r M QM 8M „  5 ,n-} + 7^a5{— - + _ + _ - - 0 — _}J

+  -
P -{— —r~H— ^-~~ + rC} + 7 «{-

5

r  r  

0
(0 + 5 )r2 (0+^) (0+5)

%6 = e(0 + 5 ) r - ( 0 + 5 ) r - l  
j8%3%7 = a + - —
%2

- + +  -

r"-
5M M

(0+5)3T2 2(0+5) (0+$)T2 T2
}

%2 %2

This can be solved by Newton-Raphson’s method. Call this solution to be r2°. The cycle

time T  = T2° obtained by solving eq. (5.2.17). Maximizes the net profit because

tf-NPAT)
--------2----- < 0
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5.3 Special Cases:

1) By putting 0 = 0, demand to be constant and inflation rate r  = 0, the model reduces to 

that of Gupta and Vrat (1986).

2) By putting inflation rate r = 0 and demand to be constant R, the model reduces to that 

of Mandal and Phaujdar (1989).

5.4 Numerical Example and Sensitivity analysis :

Consider an inventory system with the following values of the parameters with proper 

units

a = 1000,0  = 0.1, 5 = 1 , 0 =  0.03, A = 250, r = 0.03, C = 20, h = 0.2 

Ic= 0.15, I e = 0.12, M =  0.0411. (Note :T,°= T in  tables)

Table 5.4.1

a \($ 0.1 0.12 0.14

1000

T 0.196 0.196 0.196
Q 216.09 216.09 216.09
P 50.19 41.86 35.91

NP 33800.66 23703.99 16492.09

1200

T 0.199 0.20 0.20
Q 263.70 265.17 265.17
P 60.19 50.19 43.05

NP 55541.50 41005.95 30579.05

1400

T 0.2 0.201 0.202
Q 309.36 311.08 312.79
p 70.19 58.53 50.19

NP 82109.96 62309.39 48157.26
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Table 5.4.2

a \ S 1.0 1.2 1.4

1000

T 0.196 0.139 0.11
Q 216.09 150.83 118.52
P 50.19 50.23 50.26

NP 33800.66 29246.19 26154.81

1200

T 0.199 0.143 0.113
Q 263.70 186.67 146.43
p 60.19 60.23 60.26

NP 55541.50 49887.14 46069.07

1400

T 0.2 0.145 0.114
Q 309.36 221.11 172.48
P 70.19 70.23 70.26

NP 82109.96 75263.15 70580.61

Table 5.4.3

0 \ S 1.0 1.2 1.4

0.1

T 0.196 0.139 0.11
Q 216.09 150.83 118.52
P 50.19 50.23 50.26

NP 33800.66 29246.19 26154.81

0.12

T 0.196 0.139 0.112
Q 216.09 150.83 120.86
P 41.86 41.89 41.92

NP 23703.99 19440.29 16579.47

0.14

T 0.196 0.139 0.113
Q 216.09 150.83 122.02
p 35.91 35.94 35.97

NP 16492.09 12436.11 9687.65

Table 5.4.4

a \  0 0.03 0.04 0.05

1000

T 0.196 0.193 0.189
Q 216.09 212.66 208.00
P 50.19 50.20 50.20

NP 33800.66 33478.87 33119.54

1200

T 0.199 0.195 0.192
Q 263.70 258.12 253.99
P 60.19 60.20 60.20

NP 55541.50 55055.98 54636.84

1400

T 0.2 0.197 0.193
Q 309.36 304.55 298.02
P 70.19 70.20 70.20

NP 82109.96 81571.02 80948.82
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Table 5.4.5

p \ o 0.03 0.04 0.05

0.1

T 0.196 0.193 0.189
Q 216.09 212.66 208.00
P 50.19 50.20 50.20

NP 33800.66 33478.77 33119.54

0.12

T 0.196 0.192 0.189
Q 216.09 211.44 208.00
P 41.86 41.86 41.86

NP 23703.99 23379.99 23090.1

0.14

T 0.196 0.192 0.189
Q 216.09 211.44 208.01
P 35.91 35.91 35.91

NP 16492.09 16195.71 15926.24

Table 5.4.6

S \ 0 0.03 0.04 0.05

1.0

T 0.196 0.193 0.189
Q 216.09 212.66 208.01
P 50.19 50.20 50.20

NP 33800.66 33478.77 33119.54

1.2

T 0.139 0.138 0.136
Q 150.83 149.75 147.50
P 50.23 50.23 50.23

NP 29246.19 29052.15 28806.82

1.4

T 0.11 0.109 0.109
0 118.52 117.43 117.49
p 50.26 50.26 50.26

NP 26154.81 25982.42 25878.65

Table 5.4.7

a \ r 0.03 0.04 0.05
T 0.196 0.197 0.197
Q 216.09 217.31 217.31

1000 P 50.19 50.20 50.20
NP 33800.66 33620.75 33400.13
T 0.199 0.199 0.20
Q 263.70 263.71 265.17

1200 ........P 60.19 60.19 60.20
NP 55541.50 55276.51 55073.32
T 0.2 0.2 0.201
Q 309.36 309.37 311.08

1400 P 70.19 70.20 70.20
NP 82109.96 81800.68 81579.41
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Table 5.4.8

f i \ r 0.03 0.04 0.05

0.1

T 0.196 0.197 0.197
Q 216.09 217.31 217.31
P 50.19 50.20 50.20

NP 33703.99 33620.75 33400.13

0.12

T 0.196 0.197 0.197
Q 216,09 217.31 217.31

_ P 41.86 41.86 41.86
NP 23703.99 23513.94 23293.32

0.14

T 0.196 0.197 0.198
Q 216.09 217.31 218.53

..p 35.91 35.91 35.91
NP 16492.09 16294.80 16097.23

Table 5.4.9

S \ r 0.03 0.04 0.05
T 0.196 0.197 0.197
Q 216.09 217.31 217.31

1.0 P 50.19 50.20 50.20
NP 33800.66 33620.75 33400.13
T 0.139 0.14 0.141
Q 150.83 152.01 153.19

1.2 P 50.23 50.23 50.23
NP 29246.19 29082.06 28917.52
T 0.11 0.111 0.112
Q 118.52 119.69 120.86

1.4 ____ P 50.26 50.26 50.26
NP 26154.81 26006.15 25856.88

Table 5.4.10

r \ 8 0.03 0.04 0.05

0.03

T 0.196 0.193 0.189
Q 216.09 212.66 208.00
P 50.19 50.20 50.20

NP 33800.66 33478,87 33119.54

0.04

T 0.197 0.193 0.19
Q 217.31 212.66 209.22
P 50.20 50.20 50.20

NP 33620.75 33258.4 32940.13

0.05

T 0.197 0.194 0.19
Q 217.31 213.88 209.22
P 50.20 50.20 50.20

NP 33400.13 33078.53 32719.9
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Table 5.4.11

a\M 15/365 30/365 45/365

1000

T 0.196 0.197 0.199
Q 216.09 217.31 219.75
p 50.19 50.20 50.20
NP 33800.66 34008.20 34277.55

1200

T 0.199 0.2 0.202
Q 263.70 265.17 268.11
P 60.19 60.20 60.20
NP 55541.50 55821.50 56200.15

1400

T 0.2 0.201 0.203
Q 309.36 311.08 314.51
p 70.19 70.20 70.20
NP 82109.96 82473.46 82981.34

Table 5.4.12

0\M 15/365 30/365 45/365

0.1

T 0.196 0.197 0.199
Q 216.09 217.31 219.75
P 50.19 50.20 50.20
NP 33800.66 34008.20 34277.55

0.12

T 0,196 0.197 0.199
Q 216.09 217.31 219.75
P 41.86 41.86 41.86
NP 23703.99 23888.59 24116.73

0.14

T 0.196 0.197 0.199
Q 216.09 217.31 219,75
p 35.91 35.91 35.91
NP 16492.09 16660.32 16859.02

Table 5.4.13

8\M 15/365 30/365 45/365

1.0

T 0.196 0.197 0.199
Q 216.09 217.31 219.75
P 50.19 50.20 50.20
NP 33800.66 34008.20 34277.55

1.2

T 0.139 0.141 0.144
Q 150.83 153.19 156.75
p 50.23 50.23 50.23
NP 29246.19 29531.63 29899.12

1.4

T 0.11 0.112 0.116
Q 118.52 120.86 125.54
p 50.26 50.25 50.25
NP 26154.81 26480.60 26973.54
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Table 5.4.14

e \ M 15/365 30/365 45/365

0.03

T 0.196 0.197 0.199
Q 216.09 217.31 219.75
P 50.19 50.19 50.20

NP 33800.66 34008.20 34277.55

0.04

T 0.193 0.194 0.196
Q 212.66 213.80 216.31
P 50.20 50.20 50.20

NP 33478.87 33666.81 33957.11

0.05

T 0.189 0.19 0.192
Q 208.00 209.22 211.65
P 50.20 50.20 50.20

NP 33119.54 33328.33 33599.92

Observations:

The effects of various parameters on variables and objective function can be interpreted 

from the above tables in the following tabular form.

Note T : Increase, 4 : Decrease, 1 j: Significant Increase, f t : Significant Decrease 

T ~ : Marginal Increase, 4 ~ : Marginal Decrease, -- : No Change

Keeping Constant P e r M S
T T t T T T

Increasing a Q t T T t t
P t t T T t

NP ft IT ft ft ft

Keeping Constant 0 r M S
T _ _ —

increasing p Q _ _ _ _ — —

P 4 4 4 4
NP ft 4 ft ft
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Keeping Constant e r M
T i i i

Increasing 8 Q l i
P l t T~
NP i i i

Keeping Constant e
T t  ~

Increasing r Q T ~
P T~
NP l~

Keeping Constant M
T i~

Increasing 9 Q i
P T~
NP 4

5.5 Conclusions:

In this chapter, a mathematical model is developed with stock-dependent and 

selling price dependent demand when supplier offers permissible delay in payments. It 

is observed that the results of sensitivity analysis are very consistent with the prevailing 

economic incentives. Increase in the delay period results in significant increase in the 

net profit of the customer. Increase in deterioration rate of units in the inventory system 

decreases the net profit, keeping 8 or 6 under control, elongated delay period may result 

in increase in the net profit. In future research, this problem can be extended to time 

dependent deterioration rate.
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Directions for future research

• The models proposed in chapter 3 can be extended by taking demand to be a 

function of selling price, time varying and stock dependent. Also they can be 

generalized to allow for shortages and inflation rates.

•  The model proposed in chapter 4 can be extended to a two parameter Weibull 

distribution deterioration. Further it can be extended by allowing shortages, 

quantity discounts and inflation rates.

• The model in chapter 5 can be extended to time dependent deterioration rate.
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