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Study of optimal ordering policies for time varying decay rate of iventory. 1

1.1 Introduction :

Operations Research is a scientific approach to problem solving for
executive-decision making which requires the formulation of mathematical, economical
and statistical models for decision and control problem to deal with situations arising out
of risk and uncertainty. In the process of managing various subsystems of the
organization, executives at different levels of the organization have to take several
management decisions. These decisicns are categorized into strategic decisions,
tactical decisions and operational decisions. The strategic decisions are taken at the top
management level where the definition of goals, policies and selection of decisions are
in favor of the organizational objectives. The tactical decisions are taken at middle
management level which include acquisition of resources, plant location, new products
establishments and monitoring of budgets. The operational decisions, which are taken
at the bottom level of management, include effective and efficient use of existing

facilities and resources to carry out activities within budget constraints.

Strategic Decisions
(Top Level)

Tactical Decisions
(Middle Level)

Operational
Becisions
(Bottom Level)

Fig. 1.1 Hierarchy of decisions at different levels of management
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Thus, Operations Research may be considered as the application of
scientific methods to decision making problems arising from operations involving
integrated systems of people, machines and matenals. The aim of the operations
research is to find the best possible course of action of a decision making problem with
or without some constraints. In departmental stores or shops, industrial unit, the
stocking of items depends upon the various factors viz. demand, time of ordering, time
gap between orders and actual receipts, deterioration, eic. So the problem for the
managers / retailers is to have an equilibrium between over-stocking and under-
stocking. The study of such type of problems is known as Inventory Control.

The term “inventory” is used to indicate raw materials in process, finished
product, packaging, spares and others-stocked in order to meet a demand. Though
inventory of materials is an idle resource- it is not meant for immediate use- it is almost
essential to maintain some inventory for the smooth functioning of an enterprise. The
main objective of inventory control is to reduce investment in inventories and ensuring
that production process does not suffer at the same time.

The following two basic questions are to be answered to attain various
objectives in an inventory control situation:

(1) What is the optimum quantity of an item that should be ordered?
(2) When should the order be placed?

In practice, it is not easy to determine a suitable inventory policy. An
inventory problem is a problem of making optimal decisions regarding the above
questions. Our aim is to develop the operating decisions that should be used to control
the inventory system with the help of mathematical analysis. For this, we need to
construct a mathematical model of the inventory system. Such a mathematical model is

based on various assumptions and approximations.
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1.2 Basic Concepts and Terminologies :

The inventory system depends on the following parameters:

Demand : The number of units required per period is called demand. It may be
either deterministic or probabilistic. In the deterministic case, it 15 assumed that
the quantities needed over subsequent periods of time are known with certainty.
This may be expressed over equal periods of times in terms of known constant
demands (referred as static demand) or in terms of known variable demands
(referred as dynamic demand).

Probabilistic demand occurs when requirements over a certain period of
time are not known with certainty but their pattern can be described by a known
probability distribution. The demand for a given period may be satisfied
instantaneously at the beginning of the period or uniformly during that period. The
effect of instantaneous and uniform demand reflects directly on the total cost of
holding inventory.

Lead-Time : The time gap between placing of an order and its actual arrival in
the inventory is known as lead-time.

Lead-time has two components viz. administrative lead-time from initiation
of procurement action until the placing of an order, and the delivery lead-time
from placing of an order until the delivery of the ordered material.

Planning Horizon : The time period over which the inventory level will be
controlled is called the time horizon. It may be finite or infinite depending upon

the nature of the inventory system of the commodity.
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Order Cycle : The time period between placement of two successive orders is
referred to as an order cycle. The order may be placed on the basis of the
following two types of inventory review systems.

(A) Continuous Review: The record of the inventory level i1s checked
continuously until reorder is reached when a new order is placed. This is also
known as the two-bin system. This divides the inventory into two parts and
places it physically in two bins. ltems are drawn from only one bin and when it
is empty, a new order is placed. Demand is then satisfied from the second bin
until the order is received. Upon receipt of the order, specified items are
placed in the second bin and the remaining items are placed in the first bin.
Every time this process is repeated.

(B) Periodic Review: In this system the inventory levels are reviewed at equal
time intervals and orders are placed at such intervals. The quantity ordered
each time depends on the available inventory level at the time of review.

Reorder Level : The level between maximum and minimum stock, at which

purchasing activities must start for the replenishment is known as reorder level.

Deterioration : Decay or deterioration is defined as a physical process which

hinders an item from being used for its original purpose such as (i) spoilage, as in

perishable food stuffs, fruits and vegetables; (ii) physical depletion, as in pilferage
or evaporation of volatile liquids such as gasoline, perfumes, alcohol; (iii) decay
as in radioactive substances, degradation, as in electronic components or loss of
potency as in photographic films, pharmaceutical drugs, feriilizers etc. For
perishable goods such as dairy products, bakery items, vegetables, etc. it is
observed that the age of inventory has a negative impact on consumer

confidence for reasons such as (a) proximity to expiry dates ( for applicable
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items) , (b) detrimental effects on the quality if the product because of aging of
inventory, and (c) general conception that an item lying unsold for a long time
may be of inferior quality.

The rate of deterioration is measured by the fraction deteriorated per
quantity per time unit and it may be constant or vary with time or stocked units.

e Ordering Cost : Ordering cost is the cost associated with ordering of raw
material for the production purposes. It includes advertisement cost, consumption
of stationary and postage, telephone charges, telegrams, rents for space used by
the purchasing department.

¢ Purchase Cost : The cost of purchasing a unit of an item is known as purchase
cost. The purchase price plays an important role when quantity discounts are
considered for purchases above a certain quantity or when economies of scale
suggest that the per unit purchase cost can be reduced by a larger production
run.

e Carrying ( Holding ) Cost : The carrying cost is associated with carrying
inventory. This cost includes the costs such as rent for warehouse used for
storage, interest on the money locked-up, insurance of stored equipment,
production, taxes, depreciation of equipment and furniture used, etc.

e Shortage Cost : The penalty cost for running out of stock i.e. when an item
cannot be supplied on the customer's demand is known as shortage cost. This
cost includes the loss of potential profit through sales of items and loss of good
will, in terms of permanent loss of customers and its associated lost profit in

future sales.
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e Selling Price : When the demand for certain commodity is affected by the
quantity stocked, decision problem has profit maximization as an objective,

includes the revenue from selling.

1.3 Literature Survey:

Harris, in 1915, first developed the analysis of an inventory system and
derived the classical lot size formula, though Erlenkotter (1989) reported that the earliest
model was developed by Harris in 1913. After a few years, Wilson (1934) developed
independently the same formula obtained by Harris. This formula has been named as
Harris-Wilson formula or Wilson’s formula which was formulated under certain simple
assumptions, such as known and uniform demand, without shortages, infinite
replenishments, negligible lead time, etc. However, in real-life situations, inventory loss
may be due to deterioration. Then problem for decision makers is how to control and
maintain inventories of deteriorating items.

During the last two decades, researchers are engaged in analyzing
inventory models for deteriorating items such as volatile liquids, blood, medicines,
electronic components, fashion goods, fruits and vegetables etc. Whitin (1957) studied
deterioration at the end of the storage period; for example, for the fashion goods
industry. Berrotoni (1962) found that both leakage failure of dry batteries and Ilife
expectancy of ethical drugs could be expressible in terms of Weibull distributions, in
discussing the problem of fitting empirical data to mathematical distributions. In both
cases, the rate of deterioration increased with age or the longer the items remained
unused, the higher the rate at which they fail. At some point all units that have not been
used would have failed while in inventory. Emmons (1968) considered the decay of

radioactive nuclide generators. Here the decay is the total usage. Ghare and Schrader
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(1963) first developed a mathematical model with a constant decaying rate. They
classified the phenomena of inventory deterioration into three types, viz direct spoilage,
physical depletion and deterioration.

The Weibull density function is

F (1) ::aBtB—le*wﬁ

where

o denotes the scale parameter; a>0

B denotes the shape parameter; >0
t denotes the time ; 7> 0
When used in the context of economic order quantities, the Weibull distribution will
provide a probability density function that gives the time to deterioration.
Using this concept the Ghare and Schrader's model was extended by
Covert and Philip. Covert and Philip (1973) discussed an EOQ model for items with
Weibull distribution deterioration.
The deterioration rate given by the Weibull distribution is
0(t)=c P! 0<t<T (1.3.1)
where

o - scale parameter, 0 S a< 1,

B - shape parameter, 21
t - time to deterioration, ¢ > 0
The scale parameter o of the weibull distribution has same units as that of
time t. Hence, a change in the scale parameter o has the same effect on the
distribution as a change of the time scale. Keeping 8, the shape parameter constant,

if a is increased, the distribution gets stretched out to the right and its height
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decreases while maintaining its shape and location. If o is decreased, the distribution
gets pushed in towards zero and its height increases.

The shape parameter B defines the slope of the weibull distribution. The
probability density function represents on — hand inventory deterioration that may
have an increasing, decreasing or constant rate depending on the value of § (see
Walpole and Myers (1978)) and the practical applications of the weibull distribution is

described in Berrottoni (1962).

When B > 1, deteriorating rate increases with time;
e.g. fish, vegetables, medicines.
When B < 1, deteriorating rate decreases with time;
e.g. light bulb where the initial breakdown rate may be higher due to
irregular voltage and handling.
When B = 1, deteriorating rate is constant;
e.g. electronic products.

Here the two parameter weibull distribution is reduced to an exponential distribution.

Since then, lot of work has been done by Misra (1975), Shah (1977), Dave
and Patel (1981), Hollier and Mak (1983). Heng et. al (1991), Hariga (1995), Wee (1995)
on deteriorating inventory systems. The review articles by Raafat (1991), Shah and
Shah (2000), Goyal & Giri (2001) gives a complete and up-to—day survey of published
inventory literature for the deteriorating inventory models. Most of the addressed articles
consider the effect of constant deterioration, which is a function of the on hand level of
inventory.

On the other hand, in the developed mathematical models, it is assumed
that, the shortages are either completely backlogged or completely lost. Shah and

Jaiswal (1977) and Aggarwal (1978) presented and reformulated an order-level
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inventory model with a constant rate of deterioration. Researchers derived models under
the assumption that a fraction of the demand will be lost while the remaining fraction is
backlogged. (See Wee (1995), and Yan and Cheng (1998)).

Second stringent assumption in traditional inventory economic order
guantity model was that the purchaser must pay for the items as soon as it is received
by the system. In the classical EOQ model, it was tacitly assumed that the supplier is
paid for the items immediately on the receipt of the goods. However, in practice, the
supplier may provide a cash discount and / or a credit period to the customer for the
settlement of the amount within the permitted fixed settlement period. Thus, the delay in
payment to the supplier is a kind of price discount, since paying later indirectly reduces
the purchase cost and it can encourage customers to increase their order quantity.

Goyal (1985) derived an EOQ model under the conditions of permissible
delay in payments. Shah (1993) extended Goyal's model, for deteriorating items.
Independently, Jaggi and Aggarwal (1995) established an inventory model for
deteriorating items when delay in payments was permissible. Jamal et al. (1997) then
further generalized the model to allow for shortages. Shah (1993) developed a
probabilistic version of Goyal's model. Shah (1993) extended it for deteriorating items,
Shah and Shah (1998) developed an EOQ model for constant rate of deteriorating items
in which time is treated as discrete variable, deterioration of units as continuous variable
and demand as a random variable. Shah (1997) developed a probabilistic order level
system with lead time when delay in payments is permissible. Shah and Shah (1996)
derived optimal ordering policies under the conditions of extended payment privileges.
Jaggi and Aggarwal (1994) presented the economic ordering policies for deteriorating
items in the presence of trade credit using a discounted cash-flows (DCF) approach

which permits a proper recognition of the financial implication of the opportunity cost and
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out-flow costs in inventory analysis. Shah and Shah (1996) derived optimal ordering
policies under conditions of extended payment privileges. Jamal, Sarkar and Wang
(2000) formulated model when retailer can pay the wholesaler either at the end of the
credit peniod or later incurring interest charges on the unpaid balance for the overdue
period. They developed retailer's policy for optimal cycle and payment times for a
retailer in a deteriorating-item inventory scenario where a wholesaler allows a specified
credit period to the retailer for payment without penaity. Hwang and Shinn (1997)
developed the model for determining the retailer's optimal price and lot-size
simultaneously when the supplier permits delay in payments for an order of a product
whose demand rate is a function of constant price elasticity. Other articles related to this
topic are Shinn et al (1996), Chung (1998), Chu et al. (1998) and Teng (2002).

Recently, Arcelus et al (2001) compared policies of price discount and
trade credit. They studied comparison of retailers response to special sales in two
strategies of price discount and trade credit. Arcelus et al (2003) developed
mathematical model for retailer's maximum profit when supplier offers cradit period and /
or price discount on the purchase of regular order when units in inventory are subject to
constant rate of deterioration. In this paper, an attempt is made to derive an EOQ model
for time dependent deteriorating items in which the supplier provides not only a cash
discount but also a fixed credit period to the customer. For example, the supplier offers
a 2% discount off the price if the payment is made within 10 days, otherwise the full
payment of the order is due within 30 days. This credit is denoted as “2/10 , net 30" (e.g.
See Brigham (1995)).

The interesting papers related to trade credits are of Davis and Gaither
(1985), Arcelus and Srinivasan (1993.1995,2001), Shah (1993,1997), Khouja and

Mehrez (1996), Hwang and Shinn (1997), Chu et al (1998), Chung (1998), Teng (2002).
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The above models were developed with the assumption that inflation does
not have significant role to play on the inventory policy. However from a financial point of
view, an inventory represents a capital investment and must compete with other asset’s
for a firm's imited capital funds. Thus, it is important to consider the effects of inflation
on the inventory system. Buzacott (1975), Misra (1975) and Bierman and Thomas
(1977) analyzed inventory decisions under an inflationary condition for the EOQ model.
Misra (1975) developed mathematical model by considering the time value of money
and different inflation rates. Brahmbhatt (1982) developed an EOQ model under a
variable inflation rate and mark-up prices. Chandra and Bahner (1985) derived model to
discuss the effects of inflation and time value of money on optimal order policies. Datta
and Pal (1991) developed a model with linear time dependent demand rates and
shortages to study the effects of inflation and time value of money on a finite planning
horizon. Liao et al (2000) presented a model for deteriorating items under inflation when
delay in payments is permissible.

Stock dependent demand models are the models where demand rate is
proportional to the inventory level. in case of deterministic models, it is optional to let the
inventory level to be zero, but not so in stock-dependent demand rate models. As the
inventory level decreases, there are lost sales. In this type of demand pattern, the
quantity demand decreases as the inventory level decreases, resulting in lower sales
and lower profits. To keep sales higher, the inventory level should be higher which in
turn results in the higher holding cost and procurement cost.

It has been observed in supermarkets that the demand rate is usually
influenced by the amount of stock level. Levin et al (1972) quoted “at times, the
presence of inventory has motivational effect on people around it. It is common belief

that large piles of goods displayed in a supermarket will attract the customers to buy
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more”. Silver and Peterson (1982) noted that sales at the retail level tend to be
proportional to the amount of inventory displayed. This fact attracted a number of
researchers to develop EOQ models focused on stock-dependent demand rate patterns.
Gupta and Vrat (1986) considered demand rate to be a function of initial stock level.
Mandal and Phaujdar (1989) formulated production inventory model for deteriorating
items with uniform rate of production and linearly stock-dependent demand. Dixit and
Shah (2001) extended the above model for more general demand. Baker and Urban
(1988) developed model in which sales were directly affected by the allocation of shelf-
space. Datta and Pal (1990) extended Mandal and Phaujdar's (1989) model for
deteriorating items with the assumption that the demand rate is linear function of the on-
hand inventory allowing shortages completely backlogged, for both finite and infinite
time-horizons. Some of the recent work in this area is by Padmanabham and Vrat
(1995), Ray and Chaudhuri (1997), Sarker et al (1997), Giri and Chaudhuri (1998),
Mandal and Maiti (1999), Chung (2002).

Shah and Jaiswal (1977) and Aggarwal (1978) derived an order level
inventory model for deteriorating items with time-proportional demand when shortages
were not allowed. Dave and Patel (1981) developed an inventory model for deteriorating
items with time proportional demand. Sachan (1984) extended above model by allowing
shortages. Hariga (1996) generalized the demand pattern to any log-concave function.
Teng et al. (1999) and Yang et al. (2001) further generalized the demand function to
include any non-negative, continuous function that fluctuates with time. Liao et al (2000)
developed an inventory model for stock-dependent consumption rate when delay in

payments is permissible.
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1.4 Outline of the thesis
The proposed thesis has been divided into five chapters on the basis of the
structure of the different models, 1.e.
e Chapter-1: Introduction
o Chapter-2: Inventory models with time dependent deterioration of units
e Chapter-3: Inventory models with time dependent deterioration of units under
conditions of permissible delay in payments
¢ Chapter-4: An EOQ model for deteriorating items with price dependent demand
under supplier credits
o Chapter-5: An EOQ model for deteriorating items with selling price and stock
dependent demand during inflation under supplier credits
The following is a chapter wise description of inventory models dealt with in

the proposed thesis.

Chapter 1 contains an introduction giving an overview of the development on inventory

systems under different assumptions.

Chapter 2 discusses inventory models with time dependent deterioration of units

In this chapter, two inventory models have been proposed and formulated. Section-2.1
deals with a lot-size model for items with time dependent deterioration. Here, a lot size
inventory model is developed for deteriorating items with a time dependent rate of
deterioration which follows Weibull density function. The EOQ formula is derived under
the assumptions of constant demand, zero lead time and no shortages. The analytic
proofs are given to support each assertion of parameter dependence. A numerical

example is given to show the solution pattern. Section-2.2 is a mathematical
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development of an order level lot-size model with time dependent deterioration. This
model is an extension of the model given in section 2.1. |t is developed under the
assumptions of constant demand, zero lead time and by allowing shortages. Again, the
Weibull density function is used to represent the time dependent deterioration.
Shortages are allowed and are completely backlogged. Analytic proof of parameter
dependence is given. A hypothetical numerical example is used to support the solution

procedure.

Chapter 3 is Inventory models with time dependent deterioration of units under

conditions of permissible delay in payments. In this chapter, three inventory models
have been proposed. The mathematical models are developed to determine the optimal

ordering policy for variable deterioration of units in an inventory system under

permissible delay in payments. The following two scenarios are discussed in Section 3.1

and 3.2:

Scenario-1: When permissible delay period in payments is less than the cycle time
Scenario-2: When permissible delay period in payments is greater than the cycle time
Section-3.1 deals with a lot-size model with variable deterioration rate under supplier

credits. The model is developed under assumption of instantanecus and infinite
replenishments and no shortages. The deterioration of items in the inventory follows the

Weibull density function. The Newton-Raphson method has been used to find the
optimum solutions. An easy-to-use algorithm to find the solution is given. Sensitivity

analysis of the optimal solution with respect to the parameters of the system is carried

out.

Section-3.2 is an order-level lot size model with time dependent deterioration and

permissible delay in payments. Shortages are very important especially in a model that
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considers permissible delay in payments due to the fact that shortages can affect the
quantity to be replenished to benefit from the permissible delay period. This model is an
extension of the previous model. Shortages are allowed here. The rest of the
assumptions remain the same as that of the model in section 3.1. The mathematical
methodology to find the solution of the equations is explained in detail and a special
case is also discussed. Sensitivity analysis is carried out at the end and a few directions
for future research are discussed.

Section-3.3 is an EOQ model for deteriorating items with two parameter Weibull
distribution deterioration under supplier credits. In this chapter, an inventory model is
developed for deteriorating items with two parameter Weibull distribution, in which the
supplier provides both cash discount and credit period to the customer. Also, in the
model, lead time is zero, replenishment is infinite and shortages are not allowed.

In the model the following four cases are discussed based on the provisions of discount
and permissible delay periods.

Case 1. The payment is paid at M, to get a cash discount and cycle time T > M;

Case 2. The customer pays in full at M, to get a cash discount but cycle time T<M;
Case 3. The payment is paid at time M to the permissible credit and cycle time 7>M

Case 4. The customer pays in full at M and cycle time T<M
The Taylor's series approximation is used to determine the mathematical results. A
numerical example is provided to verify the results obtained in the market. A few

directions for future research are also given.

Chapter 4 is An EOQ model for deteriorating items with price dependent demand under

supplier credits. In this chapter, an EOQ model for constant rate of deterioration of units



Study of optimal ordering policies for tune varying decay rate of inventory 16

and selling price dependent demand, in which the supplier provides not only a cash
discount but also provides a credit period to the customer, is discussed.
The demand is taken as
R(py=a—-bp (a>0,b>0, a>>b) where p denotes the selling price of the item.
In this model the following four cases are discussed based on the provisions of discount
and permissible delay periods.
Case 1. The payment is paid at M, to get a cash discount and cycle time T > M,
Case 2. The customer pays in full at M, to get a cash discount but cycle time T<M;
Case 3. The payment is paid at time M to the permissible credit and cycle time 7> M
Case 4. The customer pays in full at M and cycle time T<M

Also, in the model, lead time is zero, replenishment is infinite and shortages are
not allowed. The necessary and sufficient conditions for finding the optimal solution to
the problem are derived. Taylor's series approximation is used to obtain the solution.
The effects of changes in parametric values are studied on the decision variables and

the objective function.

Chapter 5 is an EOQ model for deteriorating items with selling price and stock
dependent demand under conditions of permissible delay in payments. In this chapter,
an inventory model is developed for deteriorating items for which the demand is
dependent on the selling price as well as the stock. The units in inventory are subject to
constant rate of deterioration. Shortages are not allowed and the supplier provides a
cash discount and a permissible delay in payments.

Demand is taken as  R(p,1(1)) =a—fp +& (1),

Where g, is the fixed demand and a> 0

B and é constants, a >> 8, a>> 3
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The optimal solution 1s characterized to optimize the net profit. An easy-to-use algorithm
is given to find the optimal selling price, the optimal order quantity and replenishment
cycle time that maximizes the net profit. At the end, a numerical example is given to
illustrate the theoretical results and sensitivity analysis of parameters on the optimal
solutions is carried out.

The direction for future research plans follows chapter 5.

List of papers published / presented / accepted follows the future research plans.

The thesis concludes with Bibliography.
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The Assumptions used throughout the thesis
ASSUMPTIONS - A.1

The following are the assumptions used in the thesis.

1. The inventory system deals with only one item.

2. The replenishment rate is infinite.

3. Lead-time is zero.

4. The deterioration rate of the units in the inventory follows the Weibull density
function given by equation 1.3.1.

5. There is no repair or replacement of deteriorated units during the period under

consideration.

8. During the time the account is not settled, generated sales revenue is deposited in an
interest bearing account. At the end of the trade credit period, the customer pays off
all the units sold, keeps profits and starts paying for the interest charges on the items
In stock.

Additional assumptions, if any, will be mentioned in the relevant chapters.
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The Notations used throughout the thesis
NOTATIONS - N.1

The following are the notations used in the thesis

A Ordering cost of inventory, $/ per order
C The purchase cost per unit
P The selling price per unit
T Optimum cycle time when Q units are depleted to zero due to
both demand and deterioration
I(t) : Theinventory level attime ¢ 0<t<T
) : The optimum order quantity
{ : The inventory carrying charge fraction / unit / annum excluding
interest charges paid
I : Interest charged per $ in stock per annum by the supplier
1, : Interest earned per $ per annum
h : The inventory holding cost per unit per time unit excluding interest
charges
7 : the shortage cost/unit
SC : shortage cost/cycle
CD : cost of deterioration/cycle
IHC : inventory holding cost/cycle
R : The demand rate (units per time unit)
IE : interest eared per cycle
IC : interest charged per cycle
D(T) : number of units deteriorated during a cycle time T

Additional notations, if any, will be mentioned in the relevant chapters.



CHAPTER 2

INVENTORY MODELS WITH TIME DEPENDENT
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2.0 Introduction:

In this chapter, two inventory models have been formulated.

They are

Section 2.1 - A lot size model for deteriorating items with time dependent deterioration.

Section 2.2 - An order level lot size model for time dependent deterioration.

2.1 ALOT SIZE MODEL FOR DETERIORATING ITEMS WITH TIME DEPENDENT
DETERIORATION
In this section a lot-size inventory model is developed for deteriorating items with
a time dependent rate of deterioration. The EOQ formula is derived under assumptions
of constant demand, zero lead-time and no shortages. It is shown that the results can be
reduced to known models. Analytic proof of parameter dependence is given. A

numerical example is used to show the solution pattern.

2.1.1 Assumptions and Notations :
The lot-size inventory model for deteriorating items will be developed using the
following additional assumptions other than those given in A.1:
1. Shortages are not allowed.
2. The distribution of the time to deterioration of the item is as given in Equation 1.3.1

3. Q is a decision variable.

2.1.2 Mathematical Formulation :
Let Q(1), 0 <t <T denotes on-hand inventory of units at time t. The instantaneous

state of Q(t) for any instant of time , follows the differential equation

ég—(—Q+9(t)Q(t):=~—R 0<t<T, (2.1.2.1)

dt
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Inventory A
Level
Q
v
U S,

T Time
Fig. 2.1.2.1
with initial condition Q(0) = @ and boundary condition O(T) = 0.

Equation (2.1.2.1) is the first order linear differential equation whose general solution is

t
Q(t)z—Re—wﬁ Imﬁdmke““ﬁ

0
with boundary condition Q(T)= 0,we get particular solution as
T B (2.1.2.2)

Q) _pe-a [ e ar
t

O B+1  nf+1
a0t nB+1_ nB+
Q(r)=Re nzon!(nﬁ+1) (T g )
and hence Q(0) = Q gives
0=k 3 ot (2.1.2.3)

nE::() nli(nfB+1)

Number of units that deteriorate during [G, T'] is given by

D(T)=Q —RT

oo anTnB+1

=K [ngo n{(nP+1) -

T}
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Hence cost due to deterioration per time unit is
cD = CD(T)
T
oo nfB+1
_CR QAT (2.1.2.4)
T, —onl(nB+l)
The Ordering cost per time unitis oC =% (2.1.2.5)
1 T
Now, inventory on-hand per time unitI(T) =?j- Q(t)dt
0
=__J- —O(I oy o (T nﬁ+1_tnﬁ+1)dt
0n'(nB+ 1
zf_ 020 o —~0(tﬁ(Tn/3+1 nﬁ+1
T, - n'(nﬂ+ Dy
ROG (DTt ) om 2(nB+1)
T, 2 (n') (nﬂ+1)
Hence, inventory holding cost, IHC per time unit is = CI [(T)
R D" B (o0

T =0 ()2 (nB+1)?

Using Equations (2.1.2.4) - (2.1.2.6), we get total cost, K(7) of an inventory system per

time unit as

K(T)=CD+0C +IHC

_ o B A
=CR [ Zon'(nﬁ+1) 1]+7+

CR = (-D"ad® _onp+1
2 =3 2!
2 n=0@m) (nB+1)
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dK(T)
The optimum value of cycle time T = T, can be obtained by solving —d—;—— =0

o, g 5 nBlTPHCR £ ()0 @uprD 2w

n=o nl@p+D) 2 p20 ()EmB+1?

using suitable numerical method. The above equation can be solved for any sets of
parametric values. The series can be truncated if &#®is less than one because 0< a < I

while T is time, the proper selection of the dimensions of time will allow the convergence

of the solution

2.1.3 Special Cases :
1) Ghare and Schrader’s (1963) model can be obtained by puttinga =6 and f=1in

the above model.

o0 n+1
por T O
n=0nn+l)
oo n o 1\t pgenpin+l
kTy=crl 5 LT AL CR D" e* T
p=onint) T 2,00 (n?(n+)?

2) By taking a =0, the model reduces to that of Naddor (1966)
Q =RT

k(=4 CIRT
T 2
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2.1.4 Assertions :
1. Total cost of an inventory system per time unit increases with respeact to the scale

parameter o

2nf+1

Proof :
oo -1 nB oo 1y n—1
K _op § nd " CR 2 (D 2na®

= . T
da 20 nBD 2 521 (n)2 (B 1)

>0 VT

2. Total cost of an inventory system per time unit increases with respect to the ordering
cost per order.

Proof :
dK 1

dA T

>0 vT

3. Increase in demand increases total cost of an inventory system per time unit.

Proof :

co n,B oo n. . un
ilg.:C[ 3 ﬂ__. 1]_,__(_31 -§:__1)___Q‘2__T2nﬁ+1

- >0 VT
dR -y ZonimBtD T2, Zomh2 (1)

4. Under the assumption that 0 < @ < 1, neglecting o and its higher powers, increase in

the shape parameter increases the total cost of an inventory system per time unit.

Proof :

B-1 2 -
ak __RorPT acm? cipricp@ 4D, o g

dR  (B+1)(B+2) B+2 B+1

2.1.5 Numerical Example and observations :
A hypothetical model is developed using the following parametric values.
[C LR A a B]=[20, 12%, 1000, 150, 0.02, 1.5]
In the following tables, the effect of various parameters on optimum cycle time, optimal

procurement quantity and minimum cost of an inventory system is studied.
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Table 2.1.5.1 Variations in o

[C LR A BJ =20, 12%, 1000, 150, 1.5]

o 0.02 0.03 0.04 0.05 0.06
T 0.3342 0.3260 0.3185 0.3116 0.3053
0 334.75 326.74 319.45 312.78 306.63
K 880.78 895.99 910.67 924.88 938.65

Table 2.1.5.2 Variationsin A

[C LR o B] =[20, 12%, 1000, 0.02, 1.5]

A 150 200 250 300 350
T 0.3342 0.3843 0.4283 0.4678 0.5040
Q 334.75 385.10 429.26 469.02 505.46
K 880.78 1019.70 1142.51 1253.55 1356.49

Table 2.1.5.3 Variationsin R

[C LA o ] =]20, 12%, 150, 0.02, 1.5]

R 1200 1400 1600 1800 2000
T 0.3058 0.2837 0.2658 0.2509 0.2384
(0] 367.52 397.69 425.81 452.23 477.25
K 963.33 1039.19 1109.75 1175.98 1238.60

Table 2.1.5.4 Variations in g

[C I A R, o =[20, 12%, 150, 1000, 0.02]

g |12 1.3 1.4 15 1.6
T 0.3297 0.3312 0.3327 0.3342 0.3356
Q 330.53 331.96 333.37 334.75 336.08
K 898.91 891.68 885.80 880.78 876.49
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Table 2.1.5.5 Variationsin C

[LA R o Bl=[12%, 150, 1000, 0.02, 1.5]

C 20 25 30 35 40
T 0.3342 0.2985 0.2743 0.2544 0.2384
0 334.75 300.22 274.65 254.72 238.62
K |880.78 982.86 1075.06 1159.79 1238.60
Table 2.1.5.6 Variations in [

[C AR, o f]=[20, 150, 1000, 0.02, 1.5]
1 12% 13% 14% 15% 16%
T 0.3342 0.3227 0.3122 0.3027 0.2940
Q |334.75 323.17 312.70 303.17 294.44
K |880.78 913.66 945.45 976.23 1006.11

Observations :

Table No. Observations

2.1.51 Increase in deterioration rate ( « ) decreases cycle time and increases
total cost of the inventory system

2.1.5.2 Increase in the ordering cost ( A ) increases the cycle time and the total
cost of an inventory system significantly.

2.1.53 Increase in demand rate ( R ) decreases the cycle time and increases the
procurement quantity and the total cost of an inventory system
significantly.

2.1.54 Increase in the shape parameter ( B ) increases the cycle time and
decreases the total cost of an inventory system.

2155 Increase in the purchase cost ( C ) decreases cycle time and procurement

quantity while increases the total cost of an inventory system significantly.
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2.1.5.6 Increase in the carrying charge fraction () per annum reduces the cycle
time and the procurement quantity and increases the total cost of an

inventory system.

2.2. AN ORDER LEVEL LOT-SIZE MODEL WITH TIME DEPENDENT
DETERIORATION
In this section, a mathematical model is developed with same assumptions as those

of section 2.1 by allowing shortages which are completely backlogged.

2.2.1 Assumptions and Notations :
The order-level lot-size inventory model for time dependent deterioration of units
is developed under following additional assumptions and notations other than those

given in A.1 and N.1 earlier.

1. Shortages are allowed and completely back-logged.
2. The shortage cost, 7, per unit is constant.
3. The distribution of the time for deterioration of the item is as given in 1.3.1

2.2.2 Mathematical Formulation :

Suppose that the system carries inventory during (0, T;) and runs with shortages
during (T, 7T) (fig. 2.2.2.1). The instantaneous state of Q(t) which denotes on-hand

inventory of units at time ¢, follows the differential equation.

CUONY T <t<T
dt 1

with initial condition Q(T;) = 0 and Q(0) =Q
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T

Inventory
Level

T

Fig. 2.2.2.1

0 T\ Time —»

Equation (2.2.2.1) is the first order linear differential equation whose solution using

boundary condition Q(T;) = 0 is given by

ﬂ 0 an
- Ra—0 nf+1_ np+1
Q(t) Re ngon'(nﬁ+1) (Ti ! )

and hence
o a"T nﬁ+1

B B 1
0 "Q(O)_Rn‘z‘o nnB+1)

Number of units that deteriorate during [0,T;] is given by

D(T)=Q~RT

=Kl ,EO AlnB+l)

T ]

Hence cost due to deterioration per time unit is

Cb T
T T " ,=0 ni(nB+1)

(2.2.2.2)

(2.2.2.3)

] (2.2.2.4)
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The ordering cost per time unit is

A (2.2.2.5)

0C= —
T

The inventory on-hand per time unit is given by

un_~ijm

_R 3 .;1)’1_0_22_”_ 2B+
T w202 (nB+1)?

Hence, inventory holding cost, IHC, per time unit is

oo o2 2.2.2.6
mc="R ¥ _QZZ___?_TZ(?IB+1) ( )
2T, 20 (n)? (nB+1)2
The shortage cost, SC, per time unit is
5C -—~——j tdt
7R 2

= (T-T 2227
2T( % ( )

Using equations (2.2.2.4) — (2.2.2.7), the total cost K(T;,T) of an inventory system per time
unit is given by

K(TI,T) =CD+OC+IHC+S8C

oo anTnﬂ—*-l %] n
CR Ly AR § _CD o" OO ampen) 2R g2

= Z it
T ,Z¢ ninB+D) 2T, Zo (2 (n+1)2 |

(2.2.2.8)
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Here, T and T, are decision variables. The optimum value of 7; and T can be obtained by

solving
3K T T — 0.‘
K(TT) ;i.e.
aT
+1
e N NV 1)”a2" 2B+ |
725 S0 nmB+h 172 o2t 2o (a2 (e 1)
2
7iRT.
_ % R, (2.2.2.9)
274 2
and
m&K;?,T} = 0} ie.
i
o OCnTnB o0
CR[ y 1' 1 ]+hR{ 3 (— 1) C!/' T2nﬂ+1 }"‘TER(T—TI)=O (22210)
n=0 " n= O(n') (nl3'+1)

simultaneously using suitable iterative method. The obtained values of 7; and 7T will

minimize the total cost of an inventory system provided

2
’K(T,.T)  PK(T.T) _[azK(T,,T)] >0
T/ oT

2.2.3 Special Cases :

1) Shah'’s (1977) model can be obtained by putting = 6and g =1 in

the above model.

o nglfl"l‘l

0 =Rn20 2 1(n +1)
or2 T4 AR(T-T)?
K(T)-EB[T +———1-—-2T]+A+—-——~[T2 L -1

2 4 2T
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2.2.4. Assertions :
1. Total cost of an inventory system per time unit will increase with respect to the scale

parameter ¢.

Proof :

_ 150, VT, T
da T  ,”g ninp+l) 2T " , "o (n!)2(nﬁ+1)21 1

2. Total cost of an inventory system per time unit increases with respect to the ordering

cost per order.

dK
. == _ L
Proof : A =T >0 VT

3. Increase in demand increases total cost of an inventory system per time unit.

Proof :

1

— SR S— 4l 2
= -1 +—(T-T)*>0, V T, T,

1
2.2.5 Numerical Example and observations :
Consider an inventory system with following parameters in appropriate units.
[CLRA ma B1=1[20,12%, 1000, 150, 30, 0.02, 1.5]
In the following table, the effect of various parameters on optimum time for having positive

inventory, optimum cycle time, optimal procurement quantity, optimum positive stock and

minimum cost of an inventory system is studied.
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Variable T, T O, K
20 0.92 1.174 933.33 1899.88
25 0.91 1.206 918.70 2366.75
C 30 0.89 1.236 905.07 2826.46
35 0.88 1.263 892.27 3275.79
40 0.87 1.288 880.19 3712.86
150 0.9267 1.174 933.33 1899.88
200 0.9268 1.175 933.42 1949.30
A 250 0.9268 1.177 933.51 1998.64
300 0.9269 1.178 933.60 2047.89
350 0.9270 1.180 933.69 2097.05
30 0.9267 1.174 933,33 1899.88
35 0.9350 1.153 942.19 1879.02
T 40 0.9422 1.137 949,14 1858.66
45 0.9477 1.124 954.74 1839.52
50 0.9522 1.113 959.35 1821.84
1000 0.926723 1.174 933,33 1899.88
2000 0.926590 1.1717 1866.40 3651.19
R 3000 0.926545 1.1709 2799.46 5402.36
4000 0.926523 1.1706 3732.53 7153.50
5000 0.926509 1.7103 4665.59 8904.50
0.02 0.9267 1.174 933.33 1899.88
0.03 0.9216 1.167 931.45 1944.33
o 0.04 0.9166 1.160 929.50 1987.99
0.05 09116 1.153 927.49 2030.88
0.06 0.9066 1.146 925.42 2073.01
1.5 0.9267 1.174 933.33 1899.88
2.0 0.9246 1.133 923.95 1707.59
B 2.5 0.9232 1.103 927.52 1584.17
3.0 0.9221 1.081 925.72 1500.89
3.5 0.9213 1.063 924.37 1442 .49
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Observations :

Increase in purchase cost reduces cycle time of positive stock, increases optimum
cycle time and total cost of an inventory system.

Increase in ordering cost increases optimum cycle time, positive stock and total cost
of an inventory system.

Increase in shortage cost increases time of positive stock, and reduces total cycle
time and total cost of an inventory system.

Total cost increases significantly with increase in demand rate because procurement
quantity increases drastically.

Increase in deterioration rate (&) reduces time of positive stock and cycle time while
increases total cost of an inventory system.

Increase in shape parameter () reduces all decision variables and total cost of an

inventory system.

2.3 Conclusion :

In this chapter two models have been proposed and formulated. An EOQ model has

been derived in section 2.1 and an order lavel lot-size inventory model has been derived in

section 2.2 when units in the inventory system are subject to time dependent deterioration.

The analytic proofs are given to support each assertion of parameter dependence in both

the models. The model in section 2.2 will reduce to the model in section 2.1 when there are

no shortages i.e when 7, = 0.



CHAPTER 3

INVENTORY MODELS WITH TIME DEPENDENT
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3.0 Introduction.

In this chapter, three inventory models have been proposed. The mathematical
models are developed to determine the optimal ordering policy for variable deterioration
of units in an inventory system under permissible delay in payments.

In the models in Section 3.1 and 3.2 the fo!lbwing two scenarios are discussed:
Scenario-1: When permissible delay period in payments is less than the cycle time

Scenario-2: When permissible delay period in payments is greater than the cycle time

Section 3.3 deals with an inventory model in which the supplier provides a cash

discount as well as a credit period to the customer. It deals with the following four cases.
Case 1. The payment is paid at M; o get a cash discount and cycle time T > M;

Case 2. The customer pays in full at M, to get a cash discount but cycle time T<M,
Case 3. The payment is paid at time M to the permissible credit and cycle time T> M
Case 4. The customer pays in full at M and cycle time T<M

where M;: the period of cash discount

and M : the period of permissible delay

3.1 A LOT-SIZE MODEL WITH VARIABLE DETERIORATION RATE UNDER
SUPPLIER CREDITS
This section deals with a lot-size model with variable deterioration rate under
supplier credits. The model is developed under assumption of instantaneous and infinite
replenishments and no shortages. The deterioration of items in the inventory foliows the
Weibull density function. The Newton-Raphson method has been used to find the

optimum solutions. An easy-to-use algorithm to find the solution is given. Sensitivity
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analysis of the optimal solution with respect to the parameters of the system is carried
out.
3.1.1 Assumptions and Notations
The following additional notations and assumptions other than those given in A.1 and
N.1 are used to derive the proposed model
Assumptions :
e Shortages are not allowed.
e The distribution of the time for deterioration of units is as given in 1.3.1 earlier.
Q is a decision variable.
M is the permissible delay payment time.
3.1.2 Mathematical Formulation :
The model has two scenarios :
Scenario I : when permissible delay period 'M' in payments is less than the cycle time T
Scenario II : when permissible delay period 'M’ in payments is greater than the cycle
time T.

In the first scenario, if the customer does not pay the supplier by time M, then he
can incur an interest for the outstanding balance. In the second case, the customer
would not only be able to use all the product he bought and get the revenue for that but
also he would be able to earn the interest until the time he has to settle the account.

Let Q1) 0 <t <T be on-hand inventory of units at time 7. The instantaneous

state of Q(t) for any instant of time follows the differential equation.

d—%?)ur 8H0O(t)=—R 0<t<T (8.1.2.1)

With initial condition Q(0) = Q and O(T) = 0
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Equation (3.1.2.1) with given condition has solution.

Q(t):Re—wﬁ °§ ,__.‘)_‘_n....._(TnﬁJrl-t"ﬁ“”)

0<:<T
n=0n(nf+1)

I ki (3.1.2.2)
o “Q"ano ni(nf+1)

The total demand during cycle time T is RT. Hence, the number of units deteriorated
during [0, T'] is given by
D(T)=Q-RT

B R[nEO ni(nB+1) -

T]

The cost due to detenioration / time unit is

_CD(T) _CR, B

CD —— T 3.1.23
T T [n2=:0 ni(nf+1) ] ( )
The ordering cost per time unit
3.1.24
oc= 4 ( )
T
The inventory holding cost per time unit is
T
IHC = 1 f O(t)dt
T
0
_CR S (D" 2@ (3.1.2.5)

2T 20 ()2 (np+1)?
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Scenario I: M < T ( permissible delay period is less than the cycle time T)

Inventory A 0\

Level

Q

Fig. 3.1.1

Here the permissible payment period ends on or before the inventory depletes to zero.

As a result, the variable cost consists of the sum of the ordering cost, inventory holding

cost, cost due to deterioration of units and
earned.
The interest payable per time unit is :

CI R
c

T

IC=

T
f Q(2)dr
M

_ CICR § (—1)" (xzn { Tz(nﬁ’*' D

T ,Zomh?mp+n? 2

The interest earned per time unit is

L JMtht =
T

0

IE

CLLRM*
T

the interest charged minus the interest

np+1

~M”B+1(T"ﬁ+1——ﬂ~/{—2——-——)] (3.1.2.6)

(3.1.2.7)
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Using equations (3.1.2.3) - (3.1.2.7), the total variable cost per time unit X;(T) is

Ki(T)=0C+ CD+IHC+IC-IE

AR g TP OR S D" 2pe
T T ,ZonimPrDd 2T, Zomn?mp+1)
CI R n._2n 2(n[)'+1) nf+1
. z 1) o? BBt _ M
r nZomP g ? 2 2
CI R
__) (3.1.2.8)

The optimal value of T = T; can be obtained by solving —7—————’( ) =0

dK, (T) oo nf oo nf+1
1o AR 0 B3 E _ p
T n=0 " T2 p=0 n@f+1)

CIR[ (1)"oc2’2 2nﬁ+1]_ClR[°z° (- 2" T2(nﬂ+l)]
T L, Z0mY2(mp+1) 72 W20 m)2(mB+1)?

2
CI RM CI R o _n\n.2n 2nf+1
2T T L -0m)“(nf+1) 2
CIR o (_1yt,2n 2(nB+1) nfB+1
Al g G o (D i MU
T* n=00)"np+1) 2 2

(3.1.2.9)

by suitable numerical method . The cycle time T = T,oobtained by solving the equation

(8.1.2.9), minimizes the total cost because dsz’( ) >0
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K (T _24 CR T onpr™B- 1 2cr, = 1P

az'z 3 T[nEO n! T2 [nZ::O .
0o nf+1 0o n n
2C3R[ g o1 CR (—1; 202 (2nB+ )72
T° n=0n{nB+D 2T =0 (n)*(nf+1)

o] n n n n
__3CIR[ 5 1) 20% 2n,B+1 2CIR[ 5 -D"a? 2(nB+1)]

272 =02 (nB+1) T3 n =0 (nB+1)?
2 - 2
_CIeR;’W +CIC (3 & 1)"a2” (@np+1T "ﬁ‘ u™B+ B 1y
T T L Zomn? (n/3+n 2
2CICR © (- 1)"052" 2(nﬂ+1) _ g np+1 np
> 2 M T}
T2 pZo@? (nﬁ+l) 2
+2CICR[ § (_l)ﬂazn Tz(nﬂ+1) *Mnﬁ_*_l(Tnﬂ_*_l _ Mn13+1)}]
3 2 2 y) 2
T° na=00HY"(p+1D)

Scenario I :T < M ( permissible delay period is greater than the cycle time 7)
AN

A\

T
Fig. 3.1.2

Here the payment is made after the permissible delay period. So there is no

interest charged. The interest earned per time unit is
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T
Redt + RT (M - T)]

cI
IE=—%]
T

= (M- (3.1.2.10)

Hence, the total variable cost, Kx(T) per time unit is

KAT) = OC + CD + IHC - IE

A CR, = anr"P1 R S _()a 2n 2B+ 1)
ST T L ConmBD 2T, Do (nn? (npe )

_ U R (3.1.2.11)
z ——)

The optimal value of T = Tzo can be obtained by solving dKyT)

ar =0
i.e. ____é_ g[§ anTnﬁ_l]_gli[ozo anTﬂﬁ+1 T]

T2 n=0 n! T2n 0n'(n/3+1)

LCR. S (1)"20:2” p2nBr1y CR .S D" a?" 2B+ 1),

2T L, Zom)2mB+1) 272 20 ()2 (mB+1)?

R cI

+_C.Z._ ¢ R(M__) 0 (3.1.2.12)
2T T2

by suitable numerical method. The cycle time T = Tzo obtained by solving the equation

(3.1.12), minimizes the total cost becausedz———jg—fZ( ) -0
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92K2(T):2_A+_(_:£ = npr"P1 _2CR_ 2 a"T"‘B_

1
P P = D P Bt
2cR. = orBH] CIR. = (-)"20%" 2np
+ -Tl+—=—I @np+DT™]
T3 ,EO ni(nf+1) 27 nEo(ni)z(nﬁ-}»l)z "
oo N n % 1y n
3CR GG 207 _pdnf+ly RS (D o’ ey
2T pn=0@H“(nB+1) 77 n=0@Hnp+1
CI R CIeR(M r CI R
212 73 2" o2

Algorithm : The optimum cycle time

T, M<T
Ty =

T5 M>T
Hence,
0 MZT
Qo = .
0> M>T

and total cost of an inventory system

KI(TIO) M<T
K(To) =

EAT>) M>T

3.1.3 Numerical example and observations :

Consider an inventory system with following parameters in appropriate units.

[AR C 11,1, o B M]=[250,2000, 20,0.10, 0.12, 0.15, 0.02,1.5,15/365]
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Variable T Q K
2000 0.2191 438.73 2027.37
2500 0.1963 491.27 2233.42
R 3000 0.1795 538.86 2414.08
3500 0.1664 582.72 2575.52
4000 0.1558 623.62 2721.78
0.02 0.2191 438.73 2027.37
0.08 0.2169 434.33 2043.66
o 0.04 0.2147 430.10 2059.70
0.05 0.2126 426.04 2075.50
0.06 0.2105 422.12 2091.07
1.5 0.2191 438.73 2027.37
B 2 0.2214 443.06 2007.22
2.5 0.2227 445.51 1999.38
3 0.2233 446.80 1996.23
3.5 0.2237 447.47 1994.94
0.12 0.2113 422.98 2113.44
0.13 0.2076 415.71 2155.34
I 0.14 0.2042 408.80 2196.54
0.15 0.2009 402.22 2237.06
20 0.2191 438.73 2027.37
25 0.1963 393.01 2233.42
C 30 0.1795 359.24 2414.08
35 0.1664 332.98 2575.52
40 0.1558 311.81 2721.78
250 0.2191 438.73 2027.37
300 0.2397 480.03 2245.24
A 350 0.2587 517.97 2445.84
400 0.2763 553.27 2632.74
450 0.2928 586.39 2808.44
15/365 0.2191 438.73 2027.37
M 30/365 0.2204 441.35 1795.16
45/365 0.2226 445.68 1571.41
0.15 0.2191 438.73 2027.37
Ic 0.20 0.2016 403.56 2163.25
0.25 0.1878 375.97 2284.23
0.12 0.2191 438.73 2027.37
I, 0.15 0.2187 437.85 2022.74
0.20 0.2180 436.38 2015.01
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Observations:

*

Increase in the deterioration rate (a) decreases the cycle time and the
procurement quantity and increases the total cost of the inventory system.
Increase in the demand rate (R) decreases the cycle time and increases the
procurement quantity and the total cost of the inventory system significantly.
Increase in the shape parameter ( B ) increases the cycle time and the
procurement quantity and decreases the total cost of the inventory system.
Increase in the purchase cost ( C ) decreases the cycle time and the
procurement quantity while increases the total cost of the inventory system.
Increase in the ordering cost ( A ) increases the cycle time, the procurement
quantity and increases the total cost of the inventory system significantly.
Increase in the carrying charge fraction (1) per unit per annum reduces the cycle
time and the procurement quantity and increases the total cost of the inventory
system.

Increase in the delay period ( M ) increases the cycle time and the procurement

quantity while reduces the total cost of the inventory system significantly.

Increase in the interest charged (I, ) reduces the cycle time and the purchase

quantity while increases the total cost of the inventory system.

Increase in the interest earned (I, ) reduces the cycle time, procurement quantity

and the total cost of an inventory system.
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3.2 AN ORDER LEVEL LOT-SIZE MODEL WITH TIME DEPENDENT
DETERIORATION AND PERMISSIBLE DELAY IN PAYMENTS

The model in this section is an extension of the previous model. Shortages are
allowed here. The rest of the assumptions remain same as that of the model in section
3.1. The mathematical methodology to find the solution of the equations is explained in
detail and a special case is also discussed. Sensitivity analysis is carried out at the end
and a few directions for future research are discussed.
3.2.1 Assumptions and Notations:

The following additional assumptions and notations other than those given in A.1
and N.1 are used to formulate the proposed model.
Shortages are allowed.

The distribution of the time for deterioration of units is as given in 1.3.1

R : The known demand rate (units per time unit).
Q; :  Quantity consumed during time 77;.
T : length of the period with positive stock of the items in the inventory.

3.2.2 The Mathematical formulation :
The model has two scenarios
Scenario | : When permissible delay "M' in payments is less than the period having

inventory stock in hand T;.

Scenario Il : When permissible delay; M, in payments is greater than the period having

inventory stock in hand T;.

In the first case, if the customer does not pay the supplier by time M, then he can
incur an interest for the outstanding balance. In the second case, the customer would

not only be able to use all the product he bought and get the revenue for that but also he
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would be able to earn interest on that revenue until the time he has to settle the account.
There could be some other situations involving payment of dues to the supplier either
during the inventory in stock or shortages. All these scenarios are discussed in
subsequent sections,

Let Q(r) be the inventory level at time . Depletion of inventory occurs due to the
simuitaneous demand and deterioration of units. The deterioration of units occurs during

time period (0, T7) and shortages occur during time interval (T;, T). (See fig. 3.2.1)

o) A
A A
0)
0
v T
—
\ 0 T\‘Q-@

Fig. 3.2.1

The differential equation governing instantaneous state of units in inventory at

time ¢ (0 <t < T)is given by

-‘?%{)-+ 6()0(t)=-R 0<r<T) (8.2.2.1)
w00 __p T <t<T
dt 1

where attime t =0, Q (0) = Q.
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The solution of eq. (3.2.2.1) is given by
B e
Ot)=Re ¥ ¥y ___q_n_..__(q*l"ﬁ**'l-t”ﬁ"ﬂ) 0<r<T, (8.2.2.2)
n=0nnB+1)
Then w ot B+l
00)=0=R ¥ —A—
n=0 "np+1) (3.2.2.3)
The demand during T is RT;.
The number of units deteriorated during one cycle is given by
D(T)=0Q~- RT1
=R[Y —L 7] (3.2.2.4)
noo nlnf+ 1

Since the shortages are allowed in the present mathematical model, there are

two cases for payment to be made at time M. These cases are :

1. Payment at or before the total depletion of inventory; i.e. (M < T; < T).

2. Payment after depletion i.e. T; < M.

Case 1. M<Ty<T.

Fig. 3.2.2

Here the permissible payment period ends on or before the inventory depleted

completely to zero. As a result, the variable cost consists of the sum of the ordering
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cost, inventory holding cost, shortage cost, cost due to deterioration of units and the
interest charged minus the interest earned.

These costs are as under.

The ordering cost, OC = A (3.2.2.5)
The cost of deterioration (CD) incurred to D(T) units of material per cycle
time T is given by

CD=CD(T)

_ 3.2.2.6
=CR {nEO n’(n[)'—i—l) Tl] ( )

The inventory holding cost; IHC is

IHC =CI j O(t)dt
0

_CIR = ()" 208+ D (3.2.2.7)
T2 2 2 2 I
n=0mH"(np+1)

The interest charged per cycle for the inventory not being sold after the

due date M is

IC =c10f 0(t)dt
M

CI R E M[Tnﬂ+l(TnB+1 M"ﬂ“ 2(T12(nﬁ+1)__M2(nﬁ+1))]

=0 @Y nB+1) 1
(3.2.2.8)
Interest earned per cycle, IE, during the positive inventory is given by
c1, rM? . (3.2.2.9)
IE = CI J'tht e
The backordered cost, SC, per cycle is given by
T-T; 2
nR(T~-T,)
SC=n J-R!dt= 1 (3.2.2.10)

0
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Hence, the total variable cost, K;(T},T) per time unit is

Kl(Tl’T) = —;—-(OC-%* CD+IHC+IC+SC~IE)

1
tavor § LEV om0 agpen

n= on'<nﬁ+1> U2 (B 1)

o0

D" a1 Bl Bl 1 2mB1) 4, 2mB+1)
+CICRn§0W(n!)(n BH)[T (1 M ) 54 M )]

me(T—:rl)2 Cl RM*
T (3.2.2.11)

To evaluate the nature of the total cost function in (3.2.2.11), it is to establish

whether the function is convex or not. Since K; (T;,T) involves higher order and

summation, it is not easy to evaluate the Hessians in closed — form to conclude about its

positive definiteness directly. The total cost X; (T;,T) is evaluated over certain range of
T; and T with different sets of inventory parametric values. Therefore, the values of T
and 77 which minimize K;(T;,T) can be obtained by simultaneously solving K (T;,TV dT;
= 0 and JK y(T;,T)/ dT = 0 within the stated ranges. These two partial differential equations

lead to the equations (3.2.2.12) and (3.2.2.13) as shown below.

3K1(T1,T):
9
g[ 5 1' B CIR{ 3 (- 1) 2a" Tnﬁ+1} ( TI)
n=0 ™ 2T p=0(nY (nﬁ+1)
i oV ;Yo T 2 W T8 N Vi) W (3.2.2.12)

n=
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and

3K1(T1,T):O

o

n +1
© —CRL Y %WT}%—CIR[ v 1y 7, 2(nf+ 1)
n=o nimp+n 1 2 pZom)?mp+n? !
nR(T—Tl)2
gt AR - TT

_ il O § Ut 7B+l nB+1_ np+l, 1 2(nf+1) _ 1, 2(nB+1)
CICan'O (n!) [(nﬁ+1)(T1 M ) 2(n,13+1)(Tl -M )

cI rRM?
[4

o (3.2.2.13)
272

oo .
o rr 3 S 22!)“” rPrBrlyhel

n=90

Since equations (3.2.2.12) and (3.2.2.13) are functions of T; and 7, and the convexity

of none of the functions is assured in general, the iterative search approach must be used

simultaneously to obtain pragmatic solutions for T; and T. When the initial value of T; within

certain feasible range is assumed in (3.2.2.12), the solution of T is immediately known. If the

value of T obtained from (3.2.2.12) is then used as an initial value in (3.2.2.13), the value of T;
is also known by a one dimensional iterative search procedure. This value of T; may not be
equal to the value of T; obtained earlier from (3.2.2.12). The process of switching between
the equations is repeated until two consecutive iterations give same values of T; and T. Once
T; and T are obtained, the optimal ordering quantity and total cost of an inventory system is

calculated easily.



Study of optimal ordering policies for tume varying decay rate of inventory. 50

A Special case : Ty =M.

A
0
T LN
M
o \J -0
Fig. 3.2.3

If payment is made at the time T; = M, the ordering cost remains the same as

before, and also the deterioration cost, inventory holding cost, interest earned and the
shortage cost remain the same as in the earlier case. Since the payment is made when

it is due at time T, the interest charged, IC, is zero Therefore, dKo(M,T)/ oM = 0 after
replacing T; with M in (3.2.2.12) and JK5 (M,T)/ dT = 0 in (3.2.2.13) as given (3.2.2.14)

& (3.2.2.15) shown below.

oo nﬁ-}»l oo n n "
K2<M,T>—CR{ z ALY P < T o? S u2BTD)
ninfi+D) T 2T 2o (nB+D)
, 7R(T- M)2 ) CIeRMz
2T 2T
IK,(M,T)
oM
R 3 M or S 2( D 2np+1), 7RI~ M)
S > — =1+ 2 - = M)
n=0 " 2T 2o (n)? (nB+1)* T
+CI€RM =0 (3.2.2.14)

T
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3K, (M.T)
—2 0
oT
£ -CRL 'Y ~-—————-~-~—O‘nMnm1—114}——11——97-13[ § W aepen)
noo M(nB+1) 2 pZom)?mp+n?
Y cI RM 2
_M+ R(T - M)T+—&——=0 (3.2.2.15)

2

Case 2: Ty <M (After — depletion payment)

The deterioration cost CD; the inventory holding cost, IHC, and the shortage cost,
SC, per cycle are the same as in the earlier case. The interest charged per cycle IC = 0

when T; < M < T because the supplier can be paid in full at time M, the permissible

delay period. A
o
Ty M T
0 | >
\\} Q-0
Fig. 3.2.4

The interest earned per cycle is the interest earned during the positive inventory

period plus the interest earned from the cash invested during time period (T;,M) after
the inventory is exhausted at time T, and it is given by
Ty
E=CI [ Redt +CRI T,(M~T))

0
h
= CRI T, (M ~—)) (3.2.2.16)
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Incorporating these modifications in (3.2.2.11), the total variable cost per unit

time, K3 (T;,T) is given by
K3(Tl’T) = %(OC—P CD+IHC+SC-1IF)

o TP o e (Cpyngn

=~ {A+CR —l T T2(n,8+1)
{ ¥ ( E nl(nf+1) D 2 2o impr? !
nR(T—-Tl) T1
Ll BTy (M - ) , (3.2.2.17)

As in case 1, the total cost is minimized when dK3(T;,T)/dT; = 0 (eq. 3.2.2.18)

and K3 (T, T)/dT = 0 ( eq. 3.2.2.19) as shown below.

3K3(T1,T)=
I
w o'T"P o0 ne 2n R(T-T
L RS ONT cm[ 5 (1) 207 nﬁ+1]__(_____1l~_CIR(M_Tl)=O
T p=o n n=0n)%(nB+1) ¢
(3.2.2.18)
¢9K3(T1,T)=
or
R (XnTnﬁ+1 o0 n n
. -CR[ ¥ —L Tl]—-A—CIR[ y - 1) o T2(n,8+1)]
n=0 "np+1) 2 h=0m)?(np+D?
2
I (3.2.2.19)

> +AR(T =TT =0

Equations (3.2.2.18) and (3.2.2.19) need to be solved simultaneously for optimal

values of T; and T as it is done in case 1.
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3.2.3 Numerical Example and observations :

Consider, the inventory parametric values R = 2000 units / year, A = $ 250 /
order, I = 10% / unit/ year, I, = 12% /unit/ year, I. = 15% / unit / year, = 1.5. Following
the procedure given in above section, the economic ordering policies computed for
different values of ¢, C and n are given in Tables 1 - 3.

Table 3.2.1 ( Variation in «)

o T T; o Qp 10 K
0.02 0.254 0.187 508 374 134 3593.72
0.03 0.232 0.146 464 292 172 3495.57
0.04 0.217 0.123 434 246 188 3420.88

Table 3.2.2 ( Variation in C)

C T T 0] Q7 ) K
20 0.254 0.187 508 374 134 3593.72
25 0.231 0.161 462 322 140 4192.48
30 0.220 0.148 440 296 144 4865.34
35 0.218 0.132 436 264 172 5692.00
40 0.204 0.121 408 242 166 6339.54

Table 3.2.3 ( Variation in 7)

T T Ty o Q; 0] K
30 0254 0.187 508 374 134 3593.72
35 0.242 0.193 484 386 98 3421.70
40 0.234 0.211 468 422 46 3254.37
45 0.223 0.219 446 438 8 3092.23

Observations :
» Increase in deterioration rate reduces optimal cycle time, as a result optimal
procurement quantity decreases. With increase in deterioration there is a decrease

in T; and @j;. As a result shortages increase. Because we are procuring smaller
1 1

quantities there is a decrease in total inventory cost of the system.



Study of optimal ordering policies for time varying decagr rate of mventory 54

¢ Increase in the purchase cost, decreases the optimal cycle time, optimal

procurement quantity 9, T, Q; and increases shortages and also increases the total

cost of the inventory system.
e Increase In the unit backorder cost decreases optimal cycle time, optimal
procurement quantity and total cost of an inventory system whereas there is increase

inT; and Q5.

3.3 AN EOQ MODEL FOR DETERIORATING ITEMS WITH TWO PARAMETER

WEIBULL DISTRIBUTION DETERIORATION UNDER SUPPLIER CREDITS

In this section, an inventory model is developed for deteriorating items with two

parameter Weibull distribution, in which the supplier provides both cash discount and
credit period to the customer. Also, in the model, lead time is zero, replenishment is
infinite and shortages are not allowed.
In the model the following four cases are discussed based on the provisions of discount
and permissible delay periods.
Case 1. The payment is paid at M, to get a cash discount and cycle time T > M,
Case 2. The customer pays in full at M to get a cash discount but cycle time T<M;

Case 3. The payment is paid at time M to the permissible credit and cycle time 7> M

Case 4. The customer pays in full at M and cycle time T<M

The Taylor's series approximation is used to determine the mathematical results. A
numerical example is provided tc verify the results obtained in the market. A few

directions for future research are also given.
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3.3.1 Assumptions and Notations:
The mathematical model is derived with the following additional assumptions and
notations other than those given in A.1 and N.1
¢ The demand for the item is constant durnng the cycle time.
¢ Shortages are not allowed.
» The distribution of the time for deterioration of units is as given in 1.3.1
Notations :

e =the cash discountrate, 0 <r< i.

® = The period of cash discount.
M = The period of permissible delay in settling account, with M > M;.
K(T) = The total relevant cost per year which consists of (a) ordering cost, (b) cost of
deteriorating units, (c) inventory carrying cost (excluding interest charges), (d) cash
discount earned if the payment is made at M;, (e) cost of interest charges for unsold
items after the permissible credit period M, minus (f) interest earned from sales
revenue during the permissible delay period.
3.3.2 Mathematical Formulation:
The inventory level Q() gradually decreases to meet demands and partly due to
deterioration. Hence the instantaneous rate of inventory level at any instant of time t can

be represented by the following differential equation
Lramon=-k  osisT (332.1)

with the boundary conditions Q(0) = Q and Q(T) = 0. Then the solution of differential

equation (3.3.2.1) is given by

Q(t)=Re_w'B § _._gnmm(rf‘ﬁ“_,"ﬁ“) (3.3.2.2)
n=on(nf+D)

and the order quantity is
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oo nﬂ+1
0=R . o'T (3.3.2.3)
n=0 Mnp+1)

Total demand during one cycle is RT.
Hence, the number of units which deteriorate during a replenishment cycle is
D(T)=0Q —RT

< prtBHl (3.3.2.4)

=&| nEO nl(nfB+1) -

The total relevant cost per time unit consists of the following components.

(a) OC = Cost of placing an order = A/T (3.3.2.5)
o0 anTnb +1

R
(b) CD = Cost of deteriorated unit = -C——[ T | (3.3.2.6)

T' , Zonlnb+l)

©o I\ en
CRR 3 (=" &2

o 2(nB+1)
¢) IHC = Cost of carrying inventory = T (8.3.2.7)
(c) rying Y =57 YR AP

Regarding cash discount, interests charged and earned, there are following four

cases based on the customer’s two choices (i.e. : pays at My or M) and the length of

cycle time T.
Case 1. The payment is paid at M, to get a cash discount and T =M, (fig. 3.3.1)

Case 2. The customer pays in full at M, to get a cash discount but 7<M (fig. 3.3.2)

Case 3. The payment is paid at time M to the permissible credit and T>M (fig. 3.3.3)

Case 4. The customer pays in full at M and T<M (fig. 3.3.4)

So next we derive interest earned and interest paid in each case.
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Casel1: T > M,

Hence the payment is paid to be made at time M;. Using (4), the cash discount
per year is given by

ch reR 3 Of'TnB"-l

CcD —
T T n =0 nli(nB+1)

(3.3.2.8)

The interest charged per year is

IC, = CIR _[Q(t)dt
M,
+1
CI R OEO (- 1)nan(ﬂ+l)r T2(nﬁ+1) Mnﬁ+1(Tnﬂ+1_M1nﬁ )} (3.3.2.9)
e epe? 2 ! 2

The interest charged per year is

M, 2

PI, PI RM

B =—¢ j Redt = —€1 (3.3.2.10)
T ; 2T

From (3.3.2.5) — (3.3.2.10), the total relevant cost per yearKl(T) is given by

KI(T) =0C+CD+IHC+CDC + ICl - IE1
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A CR
T T

= TP CR 2 0 ampeny R G TP
n=0 nl(nf+1) 2T n:O(n!)z(nﬁ*l-l)z T .—o ni(nf+1)

CLR = (1 BHD  p2mprD) M+

PI RM 2
+ - [4 1

-M nﬁ+1(T’lﬁ+1~ )
T pZomy?mpen? 2 ! T

(3.3.2.11)

Case 2: T < M,

«——>

>
M!
Fig. 3.3.2
In this case, the interest charges are zero, but the cash discount is same as that

in case 1. The interest earned per year is

T
12, = 2[ [ Rt - RT (1, T) |
T
g
= PLR(M,~) (3.3.2.12)

As a result, the total relevant cost per yeark ) (T)is

K2 (IY=0C+CD+IHC+CDC~ IE2

A CRIS 1P L R 2 )" oy
n=0 ninB+D) 2T y=0 (n)* (nB+1)*

reR & Gchnﬁ+1
T ,—o ni(nf+1)

T
- PIR(M; ~=) (3.3.2.13)
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Case3.T>2 M

(Fig. 3.3.3)

Here the payment is made at time M, there is no cash discount.

The interest payable per year is
cr
IC3 :T j Q(t)dt
M
nf+1

_ Mnﬁ+l(Tnﬁ+1 M

_ CICR § (__,1)" an(ﬁ'*” 1)[ Tz(nﬁ+ D
T 20 @)% mp+1)? 2 2

) ]
(3.3.2.14)

The interest earned per year is

p1 M PI RM 2
2T

3 =%
0
Therefore, the total relevant cost per yearx 3 (T) is

K3(T) = OC-+—CD-+~IHC+IC3 —-—IE3

_ALCRE S a"T"‘B+1__T]+ClR = P 2nB+D)
n=0 nnB+1 2T ,, 20 ()2 (nB+1)%

nf+1
_ B gnpr1_ M

T ,Zow)2mp+n? 2 2

CICR 020 (_1)?1 an(ﬂ+ D ' T2(nﬁ+1)

) ]

PIeRMz
T or (3.3.2.16)
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Cased.T<M

4 O —P

(Fig. 3.3.4)

In this case, the interest charged is zero. The interest earned per year is

cr, r
IE4:T[OItht+RT(M—T) ]
CI R
_ (m-L7 (3.3.2.17)
T 2

Hence the total relevant cost per yeark 4 (T)is

K4(T)=OC+CD+IHC~-IE4

=£+£@{ oo a?'lyvﬂﬁ'*‘l . +CIR oo (_DnaZn Tz(nﬁ+1)

T ZonmBtD 2T o a2 (B
_CLR (m-T (3.3.2.18)
T 2

Theoretical Results :

Assuming, o - the rate deterioration to be very small, we get

A CRarP g CIR 72 M,
K (T) ==+ "1+ +CR(—+1) +—5~] —-M (T-—
(D =+ = A+ CRE 4 s == —== My (T-—) |
B+1 2B+1 B+1 2
_CIRa 72(B )-Mﬁ“(T/3+1—M1 _ PLRM| .
2 2 1 2 2T !
T(B+1)

(3.3.2.19)
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B PL.R

A CRar T T

K (T)m}-+ Bl (a+ )+CR(— -5 T<M1 (3.3.2.20)
B CI R 2

K, (ry= A CRA”  CIRT | (M- )]

Tﬁ12T2

_CIRa 72(B+1) BB mBt ) ]_PIeRM

T+ 12 2 2 2T (3.3.2.21)
K (D)= A CROZTB+CIRT PIR =5 T<M (3.3.2.22)
B+1 2 T 2
dK ()

The first order condition forx 1 (T) in (3.3.2.19) to be minimized is

B-1 2
_A_ CRopr"™* CRafT! CROPT™_ )+ClR—g—5—IS[ 'T"“M;(T“%) ]
T B+l 2 T 2 2
Bl B pr
T T (B+1) 2 2
CI.RO™ . sy g 1. PLRM}
e | TN - MTTP |+ =0
T(B+1) [ o] 272 (3.3.2.23)
For the second order condition, we obtain
2 —
ill—-l—f—l—(—'rgiﬁ‘ur(’1’“"'303_1”[3 2(1+ )+2CI R{ Z?...M (T__"ll_.) ]
2 3 1 3 5
dr T B+ T
1
_CIR CI R 2c1 RaP*
2 —5—(T-M )——'%(T—Ml)-f-"——z-g-—m-—-—?—'—[ T2ﬁ+1—1‘41ﬂ+1Tﬁ }
T T T(B+1)
”ZCICRaﬂ 2B+ ..Mﬁ+1(Tﬂ+1»M1 .
T3(B+1)2 2 1 2
c1 raP*! o1 ru 2
= [ @p+nrPPopuPripf-l L (3.3.2.24)

T(B+1) 1 T3
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Equation (3.3.2.23) is highly non-linear. So it can be solved by using suitable numerical
method. (e.g. Newton ~ Raphson Method). Consequently, we obtain optimal value of

T = T4 for case 1. Ensure that 77 > M.

dK2 (D
The first order condition for case 2 is T =0

_A_CR afr?! CIR PLR T PI R_
e 3.2.2
T Bl()z T_( (3.3.2.25)
and for the second order condition, we obtain
d*K,(T) _24, CRaf(p- yrB- 2(1+r)_2PleRM1
de T3 B+1 T3
(3.3.2.26)

Solving (3.3.2.25) by suitable numerical method, we obtain the optimal value of T=T;

for case 2. Ensure that To < M.

Arguing as above, the first order condition for finding the optimal value of T=T3

dK. (T
for case 3 is 3( )=
dr
A CRaprP! crR_CIR 12
- + o [ ——M(T——)]
T B+1 2 T 2
+1
CILR CICRa‘B T2(;’5+1)_MBH(T3+1 Mﬁ+1)]
T T2(B+1)% 2 2
cI RoPH1 PI RM 2
e — Bl BBt e g (3.3.2.27)
T(B+1) 212

and for the second order condition, we obtain
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2 -2
KM 24 cropp-vrP? IR 12 oM
ar? 13 B+1 3 2 2
CI R CI R ¢l R 2¢I RePH1
- (T M)~ (T~ M)+ — 4 — | 7B+l yB+1rh
T T T T<(B+1)
p+1
~2CICR(Z T2(5+1)_.Mﬁ+1(7‘5+1,_MB+1) }
73(8+1)2 2 2
cI RPH! pI RM 2
26 B+1.p-1 e
——C T 2B+DTP -pMP T T -— 3.3.2.28
TB+D [ 2B+D B ] 3 ( )
For case 4, the first order condition is
f-1 PI R
,__%+ CRoPI”_ " CR ¢ M =0 (3.3.2.29)
T /3+1 2 T
and for the second order condition, we obtain
(3.3.2.30)

2 _
d K4(T) ____2_A+ CRaﬁ(ﬁ-——l)T‘B 2 _ ZPIeRIW
a* 73 p+1 73

Eq. (3.3.2.29) gives optimum value of T = T4. Ensure that T, < M.
3.3.3 Numerical Example and observations :

Consider numerical value of parameters in proper units :

[4,C,1,1,,r1=[250,20,10%,12%,2%]

The following tables give effect of various parameters on optimum cycle time, optimum

purchase quantity and total relevant cost per year.
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Table - 3.3.3.1
a\R 1000 500 750
T 0.3116 0.4399 0.3596
0.01 [0) 311.89 220.20 269.95
Ki(T) 1870.57 1267.86 1589.13
T 0.3076 0.4332 0.3546
0.02 0 308.08 217.11 266.45
Ki(T) 1884.63 1279.63 1602.19
T 0.3038 0.4269 0.3499
0.03 0 304.45 214.19 263.13
Ki(T) 1898.43 1291.13 1614.99

Increase in the demand rate reduces cycle time, increases procurement quantity
and total cost of the inventory system while increase in the deterioration rate decreases
optimal procurement quantity and increases the total cost of the inventory system

significantly.

Table - 3.3.3.2
o\fp 15 2 2.5
T 0.3116 0.3132 0.3142
0.01 0 311.89 313.35 314.34
K(T) 1870.57 1862.96 1858.48
T 0.3076 0.3106 0.3127
0.02 0 308.08 310.89 312.83
K«(T) 1884.63 1869.58 1862.69
T 0.3038 0.3082 0.3112
0.03 0 304.45 308.54 311.36
K(T) 1898.43 1876.09 1865.86

Keeping & fixed, increase in shape parameter g increases cycle time and

procurement quantity while decreases the total cost of the inventory system.



Study of optimal ordering polictes for ime varving decay rate of inventory. 65

Table —- 3.3.3.3
B\R 500 . 750 1000

T 0.4399 0.3596 0.3116

1.5 0 220.20 269.95 311.89
K«(T) 1267.86 1589.13 1870.57

T 0.4417 0.3613 0.3132

2 0 220.99 271.12 313.35
Ki(T) 1262.52 1582.51 1862.96

T 0.4431 0.3625 0.3142

2.5 0 221.67 271.98 314.34
Ki(T) 1259.66 1579.27 185¢.48

Increase in demand rate decreases the cycle time, increases the optimal
procurement quantity and significantly increases the total cost of the inventory system.
The increase in f§ decreases the total cost of an inventory system and increases the

optimal procurement quantity.

Table - 3.3.3.4
R\P 30 40 50
T 0.4399 0.4394 0.4390
500 0 220.20 219.98 219.76
K(T) 1267.86 1266.71 1265.55
T 0.3596 0.3590 0.3585
750 0 269.95 269.54 269.13
Ky(T) 1589.13 1587.01 1584.89
T 0.3116 0.3110 0.3104
1000 Q 311.89 311.26 310.63
K(T) 1870.57 1867.32 1864.06

Increase in the selling price decreases the number of units to be procured and as
a result total cost of an inventory system decreases. For fixed selling price increase in
demand increases the cost of the inventory system and the procurement quantity

significantly.
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Table - 3.3.3.5
a\P 30 40 50
T 0.3116 0.3110 0.3104
0.01 0 311.89 311.26 310.63
Ki(T) 1870.57 1867.32 1864.06
T 0.3076 0.3070 0.3064
0.02 0 308.08 307.46 306.84
K(T) 1884.63 1881.34 1878.03
T 0.3068 0.3032 0.3026
0.03 o 304.45 303.84 303.23
K(T) 1898.43 1895.09 1891.74

For fixed @ , increase in the selling price decreases the values of the decision

variables. For fixed selling price, increase in deterioration rate @ , reduces the number of

units to be purchased but increases total cost of the inventory system.

Table -3.3.3.6
B\P 30 40 50

T 0.3116 0.3110 0.3104

1.5 Q 311.89 311.26 310.63
Ky(T) 1870.57 1867.32 1864.06

T 0.3132 0.3126 0.3119

2 Q 313.35 312.71 312.08
Ki(T) 1862.96 1857.72 1856.48

T 0.3142 0.3136 0.3130

2.5 0 314.34 313.71 313.07
K(T) 1859.48 1856.25 1853.02

For fixed shape parameter g, increase in the selling price reduces optimum

quantity to be purchased and total cost of the inventory system. For fixaed selling price,

increase in the shape parameter g decreases the total cost of an inventory system and

increases the number of units to be purchased.
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Table - 3.3.3.7
o\M 15/ 365 30/365 45/ 365
T 0.3116 0.3107 0.3091
0.01 0 311.89 310.94 309.36
K«(T) 1870.57 1742.39 1610.91
T . 0.3076 0.3067 0.3051
0.02 0 308.08 307.15 305.59
Ki(T) 1884.63 1756.38 1624.80
T 0.3068 0.3029 0.3014
0.03 0 304.45 303.54 302.01
K«(T) 1898.43 1770.12 1638.43

Increase in the delay period decreases the number of units to be purchased and
the total cost of the inventory system. For fixed allowable credit period, increase in 2,

reduces the number of units to be purchased and increases the total cost of an

inventory system.
Table - 3.3.3.8

P\ M 157365 30 /365 45 | 365

T 0.3116 0.3107 0.3091

1.5 0 311.89 310.94 309.36
Ki(T) 1870.57 1734.80 1610.91

T 0.3132 0.3123 0.3107

2.0 0 313.35 312.40 310.81
KA(T) 1862.96 1734.80 1603.36

T 0.3142 0.3133 0.3117

25 0 314.34 313.39 311.80
Ki«(T) 1859.48 1731.33 1599.93

Increase in the delay period for fixed shape parameter, decreases the number
of units to be procured and the total cost of the inventory system. For fixed allowable
credit period, increase in the shape parameter increases the number of units to be

purchased and decreases the total cost of the inventory system.
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Table - 3.3.3.9

P\M 15/ 365 30 /365 45/ 365

T 0.3116 0.3107 0.3091

30 0 311.89 310.94 309.36
K(T) 1870.57 1742.39 1610.91

T 0.3110 0.3081 0.3033

40 0 311.26 308.40 303.59
Ki(T) 1867.32 1729.29 1581.13

T 0.3104 0.3056 0.2975

50 0 310.63 305.84 297.70
K/(T) 1864.06 1716.08 1550.77

For fixed allowable credit period, increase in the selling price reduces the number
of units to be procured and the total cost of the inventory system. For fixed selling price,
increase in the allowable credit period reduces the number of units procured and the

total cost of the inventory system.

Table — 3.3.3.10

I\M 15/365 30/365 45/ 365
T 0.3311 0.3291 0.3257
0.12 0 331.40 329.39 326.00
K(T) 1797.32 1689.47 1575.35
T 0.3116 0.3107 0.3091
0.15 ) 311.89 310.94 309.36
Ki(T) 1870.57 1742.39 1610.91
T 0.2953 0.2953 0.2853
0.18 0 295.50 295.50 295.50
Ki(T) 1938.57 1790.61 1642.65

For fixed delay period, increase in the interest charges to be paid reduces the

cycle time and number of units to be procured and increases the total cost of the

inventory system.
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3.4 Conclusion :

In this chapter three mathematical models are formulated. Section 3.1 is a lot-
size model with time dependent deterioration of units and permissible delay in payments
which is extended by allowing shortages to an order level lot size model in Section 3.2.
Different scenarios of permissible delay in payments are discussed. It is found that the
model in Section 3.1 is sensitive to the rate of deterioration of units in the inventory
system, demand rate, purchase price of a unit, ordering cost and the allowable delay
period. The model in Section 3.2 is also sensitive to the backorder cost. By putting 7, =0
in the model in Section 3.2, it reduces to the model in Section 3.1. These models can be
extended by introducing inflation rate, price dependent demand etc.

In Section 3.3 an attempt is made to develop an EOQ model for time dependent
deteriorating items to determine the optimal ordering policy when the supplier offers
cash discount and a permissible delay in payments. The Taylor series approximation is
used to derive analytic results. A numerical example is provided to verify the results
obtained in market. The proposed model can be extended taking demand to be a
function of selling price, time varying and stock dependent. It can be generalized to

allow for shortages and inflation rates.
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4.0 Introduction :

In this paper, an EOQ model for constant rate of deteriorating items and selling price
dependent demand, in which the supplier provides not only a cash discount but also a
credit period to the customer, is discussed. The characterization of the optimal solution and
an easy-to-use algorithm is given to find optimum selling price, optimal ordering quantity,
and optimum replenishment time to maximize the net profit. Finally, the numerical example
is given to see the interdependence of inventory parameters on decision variables and

hence objective function.

4.1 Assumptions and Notations.
The following assumptions and notations other than A.1 and N.1 are used to
develop the proposed mathematical model.
1. The demand is R(p)= a—bp, (a, b > 0, a >> b), p denotes selling price cf the
item.
2. Shortages are not allowed.
3. Time horizon is infinite.
The following notations are used throughout the paper
C = the unit purchasing cost, with C < p

r = the cash discountrate, 0<r<1

o
i

the constant deterioration rate, 0 <6</

M;

i

the period of cash discount
M = the period of permissible delay in settling account, with M > M,

p, Q and T are decision variables
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K(p,T) = the total relevant cost per year
NP(p,T) =the net profit per year

The total relevant cost consists of (a) Ordering cost, (b) Cost of deteriorated units,
(c) Cost of carrying inventory (excluding interest charges), (d) cash discount earned if the
payment is made at M, (e) Cost of interest charged for unsold items after the permissible

delay M, and (f) interest earned from the sales revenue during the permissible period.

4.2 Mathematical Formulation :
The inventory level I(z) gradually decreases partly to meet the demands and partly
due to deterioration. The differential equation governing the variation of inventory with

respect to time can be given by

%(tf—)-+ 6I(t) =~R(p) 0<t<T (4.2.1)

with the boundary condition 0} = Q and I{T) =0 .

Then the solution of (1) is given by

1(;)3_(9_%@_),{39(7'“1) _1 (4.2.2)

And the order quantity is
0=10)= 2 - (423)

Total demand during one cycle is R(p)T. Hence, the number of deteriorating

items during a cycle time is
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=0-R(p)T

=-§~‘f—?~él~’-‘?—)~(e97"-er-1) (4.2.4)

The total relevant cost K{(p, T) per time unit consists of the following costs.

a) Ordering cost pertime unit = —’;.— (4.2.5)
b) Cost of deteriorated units per time unit = _(;;(%—I)p_)(egr -0r-1) (4.2.6)
c¢) Cost of carrying inventory per time unit
ho(r h(a—bp) 6T 4.2.7
=2 [ 1ode= @ —6r-1) (4.2.7)
T, o°T

Regarding cash discount, interest charged and earmned, there are four
possibilities based on the customer's two choices either to pay at M; or M and
the length of 7.

Possibility (1): The payment is made at M; to get a cash discount and T2 M;

Possibility (2): The customer pays in full at ; to get a cash discount but T < M;
Possibility (3): The payment is made at time M to get the permissible delay and
TzM
Possibility (4): The customer pays infullat M but 7' < M
Next, we discuss cash discount, the cost of interest charged and interest

eamed for each of the above mentioned four possibilities.
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Possibility (1) : T>M;

A Inventory level

Q

Fig. 4.2.1

Since the payment is made at time M1, the cash discount per year is given by

rCQ_rCla—bp) 6r_; (4.2.8)
T er
The interest charged per year is

ci T CI (a—bp) _
=—¢ [1dr =" T M) —or-)-1) (4.2.9)
T o 61
1
The interest earned per year is
pl MI
=—£ IR(p)tdt
T
0
pl (a—-bp)M 2
_P. 1 (4.2.10)
2T
Using (4.2.5) — (4.2.10), the net profit per year NP;(p, T) is
e (p—CYa-bp)-3_Cla=bp) 6T _or_
NP, (p,T)=(p~C)(a~bp) T oT (e r-1)
h(a—-bp) _6r rC(a—bp) . 6T
S ORI/ 1 ) B LA L |
T er
2
CI (a-bp) O&T-M [ (a—-bp)M
Bty ( 1)—9(T—M1)—1)+PC 7 1 (4.2.11)

0°T



Study of optimal ordering policies for time varymng decay rate of mventory 74

Possibility (2) : T < M,
Inventory level

Q\

-

> fime
T M;

Fig. 4.2.2

Here, there is no interest charged, cash discount is the same as that in
possibility(1).

The interest earned per year is
pl, [T
= [ R(pydr+R(p)T(M,~T) |
T o

= pl, (a=bp)(M,; - 2) (4.2.12)

Hence, net profit NP, ( p, T ) per year is

= (p—CYa—bpy—2_CEla=bp) 6T o
NE,(p,T)=(p~C)(a~bp) T or (e 6r-1)
-k(a—bp)(em"-QT—-I)“rC(pr)(eGT—'D

&r

T
- Pl (a=bp)(M; ~) (4.2.13)
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Possibility (3): T>M

Inventory level
\
Q/

-
-
-
g
-
-

> time

Fig. 4.2.3

Since the payment is made at time M, there is no cash discount. The

interest charged per year is

T
CI CI (a—bp) -
U I(t)dt'w‘:-—(““m(ee(T M) -T-M)-1 (4.2.14)
T M 92T
The interest earned per year is
2

pl M I (a—bp)M
—efR(p)tdt _P la~tp) (4.2.15)
T 0 2T

Therefore, the net profit NP; (p, T) is
= (p~C)a-bp)-2_Cla=bp) 6T gr_
NE(p,T)=(p~C)(a~bp) 7 o (e or-1)

_Ma=tp) o1 gy 9T oT-m) _gir_ gy

6T i

pl (a«bp)M2
y€
2T

(4.2.16)
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Possibility (4): T<M

Inventory level
\
Qo

0 > time
Fig. 3.24

In this case, there is no interest charged.

The interest earned per year is

T
._."_;[ | RGyar+ RGHT(M =T ]

0
= pl,(a=bp)(M “571) (4.2.17)

Hence, the net profit NP«p,T) per year is

_ A Cla-bp)
NP, (p,T) = (p—C)(a—bp)——;—mBT—

T —6r-1)
_hla-bp)

T

T —or-1)+ pIe(a—bp)(M-g-) (4.2.18)
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Theoretical Results:

The first order condition for NP,( p,T ) in (4.2.11) to be maximum is

ONPI(pT) _ g ang GNPURT) _ o
oT

dp
aNP](p:T)
ap = 0 gives
Clb &T-M
p=—t ! X 1)~9(T-M1)—1)
26 p2T + IeMlz) T
+b{h+Co1-}ET -n-12 | (4.2.19)

6

Substituting this in (4.2.11) and taking Taylor's Series approximation of egT by

neglecting higher powers of 8 and r, we get,

2 3

T-M)> O&T-M

wrmy= A G b e S T
T 2 (2T+IeM12) ¢ 2 6

2 3
—cl (T-M)? 6T-M,)
vhor? Py e e 10 17y hor
0 2T 2 6 2
2

o LM or
a5y T Ty UG~ CU=n—) ] (4.2.20)

And hence,

...______aNaP (T) _ ¢ can be solved by Newton — Raphson’s method.

Call this solution to be T7.
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Arguing in a similar way for possibility (2), aNaP Ap.T) = ¢ giving us
D

a 1 be —or-1 br(eT —oT-1)
AT S
(-1, =)
er _
+—----—--—bm(eeT 1)+cb]
(4.2.21)
and hence,
NP (T)-—~~?~+[a b{—z—l;— — (Ml m){c(1+r>(1+iq-)+£(1+~»)}}]
(1 _ a 1 or _’z?."_ or.
[(1 1(M, T/Z)){2b+l—Ie(M1-T/2){C(1+r)(1+ Y4 (14 )}}
mc-_-gf'f-—m’?z(l +=0)=rC(l+> )]
2 (4.2.22)
Similarly, ﬁ%’.;fﬁp_”l = 0 from (4.2.16) gives
or n_ O  on
p=dy T ' [bC+bC(e -or-1  be” —6or-1
2 bQT+1 M%) ér AT
Cl b
+— (T=M) _gr—ppy-1) ] (4.2.23)
T
and hence,
2
A T Or. hb .. 6T
NPy(T) =~ +[a- e _ibhe (4= + (T + =)
r et 2T+1 M?
CICb((T M)2+9(T M)3}}] [(1+I€M2){—+ T {bc(l-i-gz)
2T 2 2T+l M2 2
2 Clb 3
+—’-l—é(T+0T ERAET C «r-m)2 + LM }}—C—C—(l—;ﬂ)—
2 I a3 4.2.24
e L0 C((T M)2+M}] ( )

6 2 6 3
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Similarly Qy—l;i(—&z 0 for (4.2.18) gives
D

6r _,r 0 _op
26" b(2-1 (M~T) or 62T
and hence,

A a 1
NP4(T)=-——~]-;+[a—b{—+

or oT
" 5G1 (D) (hb(T+=2) +be(1+ =]

a 1 hb . 6T or
*[(1..18(1141 _le)){5+b(2~le(M—T)) {7(T+—§-)+bc(1+—2—)}}}

,_C(1+QT_+_"§_T_)_£(T+_QT_%_) ] (4.2.26)
2 2 2 3
4.3 Special Cases :
1) As a special case, it we put M; = M and r = 6 = 0, the model reduces to that of Chung
(1998) and Teng (2001).
2) The classical EOQ model is a spécial case of possibility (1) withM; =0and r=0(or

possibility (3) withM =0)

4.4 Numerical Example and observations :

Consider the inventory system with

K =% 250/ order, a=2000, b= 12, h = $ 0.2/ unit/ year, C = $ 20 per unit, I, = 15% / unit/

year, I, = 12% / unit/ year, M; = 15 days = 15/ 365 years, M = 30 days = 30/ 365 year
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Table
Variable T ) p NP

1000 0.1445 80.95 36.72 12217.98

a 2000 0.1236 128.73 80.04 21414.23
3000 0.0964 148.66 121.69 3171457

10 0.1209 125.05 96.71 21480.12

b 12 0.1236 128.73 80.04 21414.23
14 0.1266 132.74 68.14 21350.44

150 0.0951 99.04 80.02 20984.45

A 200 0.1101 114.94 80.03 21216.52
250 0.1236 128.76 80.04 21414.33

15/365 0.1236 128.76 80.04 21414.33

M 30/365 0.1258 131.19 80.01 21415.57
45/365 0.1308 136.31 79.99 21355.00

0.11 0.1235 128.69 80.04 21415.92

I, 0.12 0.1236 128.76 80.04 21414.33
0.13 0.1237 128.90 80.04 21413.00

0.14 0.1235 128.74 80.03 21418.41

A 0.15 0.1236 128.74 80.04 21414.26
0.16 0.1236 128.74 80.04 21410.16

0.2 0.1236 128.74 80.04 21414.26

R 0.3 0.1218 126.90 80.04 19443.45
0.4 0.1202 125.14 80.04 17472.20

0.02 0.1502 158.52 78.85 24087.39

e 0.03 0.1236 128.76 80.04 21414.33
0.04 0.1042 108.48 80.09 20087.39

Observations:
e Increase in a, the constant demand factor reduces optimum cycle time, increases
optimum purchase quantity, selling price and net profit of the system. The decision

variables and the objective function are very sensitive to this factor.
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s Increase in b, results in increase in optimum cycle time and optimum procurement
guantity but significant decrease in optimal selling price and net profit of the system.

¢ Increase in ordering cost increases optimum cycle time and purchase quantity and
decreases net profit. Selling price of an item is insensitive to changes in ordering cost.

o Optimum cycle time, purchase quantity and net profit increases with increase in the
credit period. Here selling price is again insensitive to allowable delay period.

¢ Increase in interest earned increases cycle time, purchase quantity and net profit in very
little margin.

¢ Increase in interest charge reduces net profit of the system.

¢ Increase in discount rate decreases optimum cycle time and purchase quantity. Net profit
is very sensitive to changes in cash discount factor, r.

¢ Increase in deterioration rate of items reduces optimum cycle time, purchase quantity

and net profit significantly.

4.5 Conclusions :

In this chapter, an EOQ model for deteriorating items with price dependent demand
is developed to determine the optimal ordering policy when the supplier provides a cash
discount and / or a permissible delay in payment. Taylor's series approximation is used to
obtain the solution. The effects of changes in parametric values are studied on the decision
variables and objective function. The proposed model can be extended to allow for

shortages, quantity discounts and inflation rates.
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5.0 Introduction :

In this chapter, an inventory model is developed for deteriorating items for which
the demand is dependent on the selling price as well as the stock. The units in inventory
are subject to constant rate of deterioraticn. Shortages are not allowed and the supplier
provides a cash discount and a permissible delay in payments. The optimal solution is
characterized to optimize the net profit. An easy-to-use algorithm is given to find the
optimal selling price, the optimal order quantity and replenishment cycle time that
maximizes the net profit. At the end, a numerical example is given to illustrate the
theoretical results and sensitivity analysis of parameters on the optimal solutions is
carried out.

5.1 Notations and Assumptions:
The following additional notations and assumptions other than N1 and Al given earlier
are used in the chapter.
Assumptions:
1 Shortages are not allowed.
2. The demand rate function R(t) is deterministic selling price dependent and is a known
function of instantaneous stock level I{1). Take functional form of R(z) as
R(p,I())y=c—[p+ (1), 0<t<T (5.2.1)
where >0, a>>pf, 0<d<l
Notations:
0 =The constant deterioration rate
r =Cash discount rate
M =Permissible delay in settling the accounts and

R(p.I(t)) =The demand dependent on the selling price as well as the stock per unit time
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R(p,1(1)) =0~ +d(1),

where aq, is the fixed demand and o> 0
B and § constants, a >> g, a>>é
p and Q are the decision variables.
5.2 Mathematical Formulation :
The depletion of inventory occurs due to the combined effects of the demand and
deterioration of units in the interval [0 ,T 1. Hence, the variation of inventory level I(z),
with respect to time can be governed by the differential equation

———-—mdld(:) +0I(t) =—(a~fp+d (1)), O0<t<T (5.2.2)

with the boundary condition 1(0) = ¢ and XT) = 0, the solution of (5.2.2) is given by

(=Pp), (6+8)(T —t
1<z)=—-(-é;-—5)—[e( MI-H_p,  o<t<T (5.2.3)
and the order quantity is
0=1(0) = (o—fp) [(0+9T _; (5.2.4)

(6+9)
From (5.2.3), the inventory holding cost, IHC, in the interval [0,T'], per time unit is

T
me=2 [ 1
TO

:ﬁw[e(a“‘” &T*(g,{_ §T~1] (5.2.5)
T (0+8)>

and the number of units deteriorated during interval [0,T ], is

T
1(0)- j (or—Pp + 8I(t))de
g

Then the deterioration cost, CD, per time unit is

cp =S (6+OT _1y 0.8 _1(0+8 -8 0D _(0+8T-1)] (5.26)
T(¢9+®2
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The ordering cost, OC, per time unit is

0C == (5.2.7)
Now, regarding the period M of permissible delay in settlement of accounts, there are
two possibilities: Case (1): M<T andCase (2): M >T

Case (1): M<T A
A

0 M T -
Here, the length of the period is greater than the credit period. So, the buyer can use the

sales revenue to earn the interest with an annual rate I, in [0,M ], denoted by IE1.Then,

pl, M
IE| :"_TQJ- (a—Pp+ 8 (1))tdt

! 2 S
=-—£(a—ﬁp>t-"—§-—— e O AT =M (g 5y 4 (O+OT =) _y, 2 (e+6>2}]
g 6+9) (5.2.8)
Here the payment is paid to be made at time M where M <T.
The cash discount CDC per year is given by
cpc =€ _r€ (o~ }3}::)r (6+8T _ (5.2.9)
T T (6+9)
The interest charged IC; per year is
IC “ _[I d
=—X t)dt
S Y
_ €I, (a- ﬁp) JLO+OT~M) _ (g, 57— M)-1] (5.2.10)

T (9+5>2
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Now the net profit NPy using equation (5.2.5) — (5.2.10) is

NP,(p,T)=(p—C)R(p,1(0))~CD —IHC —0C —CDC +IE, —IC, (5.2.11)

= (p-CO)R(p.1(0)) - c(“ B0 (((O+ DT _1y (01 6)-1(0+ )-8+ OT 0+ 5T~ 1)

(0+8)°
_h(a- sz) O+T _ g, 57-11-2A-1CL2=lp) ﬁp)[(e+5)r 1
2
(a 5,,)[1‘_4....._,__5_{M (B+(T M) g, 54 O+NT-M) _; M~ (9+5)2}]
(6+6)°
G ﬁ"z) (0+XT-M) _ (g, §y(T— M)-1] (5.2.12)
T (0+5)
Case(2): M>T
0 \
0 T M >
Here there is no interest charged.
The cash discount is the same as in case (1).
The interest earned per year IE»
pl,
IE, =T[ J‘R(p,l(t)tdt—kR(p,I(O))(M ~T)]
0
5 T . 612 5e0TOT _yy

pl,
- ?(a—ﬁp)[ +{1+ WM -T)]

+ +
0+8)° (0+8> 20+ (6+8) (5.2.13)



Study of optimal ordenng policies for time varying decay rate of mventory. 86

Thus net profit for case(2) is

NPZ(p,T) =(p-C)R(p,1(0))-CD—IHC—-0C—-CDC+ IE2 (5.2.14)
= (p-OR(p, 10) - S &P O+ DT 139, 5) 10+ 8- 51O+ AT —(0+ 7 -1
T(6+9)
--§‘,—--§—2—‘%{J9+&T —(6+ &T—l]——?—~%g£g£%—)—[e(9+5ﬁ~1]
""%I"g”(a”ﬂp)[(efsﬂ i (95;2 ¥ 2(992;-26) i S(E(f:); =D (6219

Theoretical Results:

The first order condition for NP;(p,T) in (5.2.12) to be maximum is

ONPA(P,T) ONPy(P.T)
5P =0 and —5—"=0
NP(PT)
HEED - o gives
2.
7
where
(6+9T _ -
50+ OT _y) et 17 (e+g+m >
%X = (@+ CH 1+ =)+ O1oT
P AR G 8 VI e AR Clc(e“’+5’(T‘M)-(e+6>(T—M)—x)}
 aqosm?_SMeCTIT M 0+ 5+ O+OT=M) 1105120+ 5%,
€ (9+5)3
+ 1
T
5 ' o 5M2_5(Me(9+6)(T_M)(9+5)+e(0+5)(T_M)—1+0.5M2(9+b)2)}
@+oT _;, T10 3
%y =20 D) (6+9)

(6+6) M T ]
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Substituting this p in (5.2.12), we get NP/(T)

%7 5%7 A C(a~ﬁ%7)‘76 h( 3%37)%5
NP(D)= (o~ CO)a- w22 - 6
rC(a~%%§7—)(e(9+5)T«-1) cI (o ﬁ%7)74 W11 (auﬁ%‘])%l
) (6+9)T - (9.,.5)2 ¥ %3T
where
1= 05142 — S(Me O+ T=M) g, 5, (O+OT=M) _1 052094872
(6+8)°
6+ 8T
%2=1+5(e -
0+ 6
1 B%!1

%3 =2p%2 +2-£

%4 =0TV T=M) _ g, 5T my-1

%5=e0tOT _ (94 8T-1

6= O+OT _y_p_ 0%5
(8+9)

c%6  h%s5 o 0tOT_py  CL%4 1 a%l

%7 = (a+ CP %2+ + + + )+-£

(6+6)T (9+5}2T 6+ 8T (9+®2T T

and hence jﬂ:#L =0

BNPl(T) B (%12 _ %7%10
or %3 32

VB13%2 + (“EL 0\ 14%62 + (21— ) 138e
%3 %3

8(%11-6-6)
_ CB14%6 055 ) , CHI3%E _ h%14%S

(6+8)T _

C%13(%11-1-

_ h%13(%11-6-9) + h%13%5  rC%14(e 1) rC%13(e

(0+OT A
2
T

(9+ T

T(0+ 8)* 72(0+6)% (0+9)T T

rC%13(e(6+5)T I) CI %14%4 CcI %13(%8 6-96) CI %013%4

+
(0+8)T> (0+8)%T (0+8)°T 6+ 8212

%1218%13%1 %716%13%1%10 %7Ie%14%1 %7Ie6%13%9

2 + 3
%3T %3°1 3T B3(0+6)°T
%71,%13%1

%3T2

(5.2.16)



Study of optumal ordering policies for time varying decay rate of mventory.. 88

where
1= o5y SMeCTOIT=M g, ), (O+IT-M) 1105020+ 8%
(6+6)°
(6+6)T _
%2 =1+ &e 1)
6+6
1 %1

%3 =2B%2 +2

94 = 0T NT—M) _ g, 51— My—1
%5=e 0T DT _ (9, 5T -1

%6=e0+OT _y_p_ O%5
(6+9)

C%6 ws  rcEe0TOT _yy  CL %4 1 a%l
+ + +—E )+-£
(6+8)T (9+5)2T (6+86)T (6+ 5)2T T

%8 = (9+ 8)e(0+ VT = M)

%7 = (a+CB%2+

%9 = M(0+8)2 0T VT ~M) g0
(087 21B%O 21,B%
(0+6)3T T2

%10 =25

%11=(0+8)0TOT
1o8%9 1%

%12 = (o+ CP & I+ T _

0+8°T T2
5(%11—-6—8)
C(%11-1-221-"979), o
o 6rs ) __CH6 _ M%-0-5)

(0+8)T O+OT>  T(0+8)?
h%s5 ,Ce(6+5)T”,C(e(0+5)T,_D CI (%8-6-8)  CI %4

(9+5)2T2+ T (0+ 85T i (0+8)°T  (0+6)*T?
B%7
*‘%5—)
12 pHI%10
%3 %32

]

%13 = (@t~

%14 = (- )

This can be solved by Newton-Raphson’s method. Call this solution to be T;°. The
cycle time T = T';° obtained by solving eq. (5.2.16), maximizes the net profit because

82NP1(T)
e e €

0
8T2
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Arguing in a similar way for case (2), we get

_%X
P= %y
where
(6+8)T _ (6+8)T _
%Xz(a+Cﬁ)[1+5(e Dy, grete D, hk 2(6(9+6)T—(9+5)T~1)
(6+98) (0+8T  T(6+9)
+T(6 v S (e O+0T _1y(0+8)~T(6+8) - 8L T (94 5T-1)}]
+
/YO A S SO Gl NOVRPS
(6+9)T _ 2 (6+8)T _
%Y=2ﬁ{(1+5(e 1)) S T+ ‘STZ or +(1+6(e — Dyom-my
(0+6) T (0+8)7° (+8)% 2(6+9) (6+ 6)
and hence substituting this p in (5.2.15)
% B2 5(a+§%2—)(e(9+5”—1)
NP ()= (-"--—C)( + %l + ) )
C(a+5%2)[( (0+DT _ 10+ 8)—(6+ 8T -8 VT _ (94 8T -1)]
- (8+9)
A h(a+%(’12)(e(9+5’T—(e+b)T~1) rC(a+%)(e(9+6)T—1)
M”].'-- (9+ 6)2T (6+ 8)T
2 (0+8)T
B%2 "] 8T or" . .t ~Dy o
R T T R
BIT
where
1 pam T O+d yy g IO+ _ I -1
Pl=-2 S )+2ﬁe e &+2B(I ~1)-2 D
T(6+ 6) 0+96 e 0+96
_ 1,58 1,8 1,10 21eﬁM

2 o
T(O+6)° (0+82 (B+8) T
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(rCp+ 1, a)eT O B+ coeT OO sarcpeT O+
T(6+96) T(0+8) 8+6
_6(a+Cﬁ+kﬁ——Iea(l—5eT(9+5)))~ W cpe
o0 10+9% ¢ (0+97 T
_Cﬁg(l_.g._g)*rCﬁ%-IeaM 1 od 1 od 1, oré

+
(6+8) (6+&T T(9+5)3 (9+6)2 "26+0
oM
+ €
T

%2 =+

+CB

(-- 1)

and again ﬂ;-}@— (5.2.17)

NP (T) %5 %3%4 st _y o3 5%8(L 0T OT _yy
ot "2 Tt v TUgp OS5

cu8((e 0 VT _1)(9+8) - (0+ T - 5%6)
(0+8)°T

w10+ 0T _g_5-5((0+5)e 9+ T _g-¢))

(0+8)°T

L Co1 O OT _1)(0+8)-(0+OT-5%6) A _h(%8)%6
(0+8)°T? T2 (0+8)°T

_h10+9e 0 0T 0-5)  hw1ws _rcase®OT -y

O+*T (0+87°72 60+8T

OrOT rean@ OO —py 1%L o TBHIBE e HB%T

T 0+ 572 %2T %2

1,%3%7 5 or 50T _yy

- _ O+DT pr _y_1-
%2T { (9+5)2+(9+é)+6e (M=D- (6+9)

+8(w7)e 0t OTy _

3 rC%7e

]

]

where

2 (6+0)T _
%l= S + ox + o +{1+6(e D

M-T
(9,{_@3 (9_*.5)2 2(0+6) (6+6) i )
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1 gom T80 1y T+ _4 881 —1)
b2 = € e 1o
%2 = -2 TS +2 5 #2601, ~1) -2 <
1,58 108 1pT6 IpM
~2 —-€

T(0+ 573 (0+82 (6+0) ~ T

(rCp+1 aanyeT O+ ) B0’ 00 5arcpel (0
T(6+6) T(6+ @2 0+6
8o+ Cprhp-1 a(1-8TOFy) g

%3 =0+

+CB

cpo 1
- -I - (=+D
6+0 T0+8? ¢ (0+5> T
CBS(1-6-5) rCﬂ+Iea8M Ia5 Ioz5 IaTG
- - +
@007 GOT " Tarop @rof 26+
I oM
+ e
T
2B Ters) M M M S 0 M©O+d) oM
G L e s Ll e 2
T(0+6)
4 r@ r
B5=—r— [Cﬁ{—— + ?"T(e &(-f+6+1)+6(0+6)}+6a(6+6)
1 0 M OM &M s
e A e e sl
B h co 5 0 M M
Ch+1 af- _M
+<e+6)T2{<9+5>+<9+67“ e 015312 200+0) ' (94812 L

%6=eO0tOT _ (g, 8T-1

(1)
%8 = ﬁ(ﬁ_%3%4
%2 %22

)

This can be solved by Newton-Raphson’s method. Call this solution to be T,°. The cycle

time T = T,° obtained by solving eq. (5.2.17). Maximizes the net profit because
NP, (T)

<0
81’2
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5.3 Special Cases :
1) By putting 6 = 0, demand to be constant and inflation rate r = 0, the model reduces to

that of Gupta and Vrat (1986).
2) By putting inflation rate r = 0 and demand to be constant R, the model reduces to that

of Mandal and Phaujdar (1989).

5.4 Numerical Example and Sensitivity analysis :
Consider an inventory system with the following values of the parameters with proper
units

a=1000,=0.1, d=1,0=0.03,A=250,r=0.03, C=20,h=0.2

I.=0.15,1,=0.12, M = 0.0411. (Note : 7;° = T in tables)

Table 5.4.1
o\ B 0.1 0.12 0.14
T 0.196 0.196 0.196
Q 216.09 216.09 216.09
1000 p 50.19 41.86 35.81
NP 33800.66 |23703.99 | 16492.09
T 0.199 0.20 0.20
Q 263.70 265.17 265.17
1200 p 60.19 50.19 43.05
NP 55541.50 41005.95 30579.05
T 0.2 0.201 0.202
0 309.36 311.08 312.79
1400 p 70.19 58.53 50.19
NP 82109.96 | 62309.39 |48157.26
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Table 5.4.2
a\é 1.0 1.2 1.4
T 0.196 0.139 0.11
Q 216.09 150.83 118.52
1000 p 50.19 50.23 50.26
NP 33800.66 |29246.19 |26154.81
T 0.199 0.143 0.113
Q 263.70 186.67 146.43
1200 p 60.19 60.23 60.26
NP 55541.50 |49887.14 |46069.07
T 0.2 0.145 0.114
Q 309.36 221.11 172.48
1400 p 70.19 70.23 70.26
NP 82109.96 | 75263.15 | 70580.61
Table 5.4.3
B\ & 1.0 1.2 1.4
T 0.196 0.139 0.11
0] 216.09 150.83 118.52
0.1 p 50.19 50.23 50.26
NP 33800.66 |29246.19 |26154.81
T 0.196 0.139 0.112
(0] 216.09 150.83 120.86
0.12 p 41.86 41.89 41.92
NP 23703.99 19440.29 16579.47
T 0.196 0.139 0.113
0 216.09 150.83 122.02
0.14 p 35.91 35.94 35.97
NP 16492.09 12436.11 9687.65
Table 5.4.4
a\ o 0.03 0.04 0.05
T 0.196 0.193 0.189
0 216.09 212.66 208.00
1000 p 50.19 50.20 50.20
NP 33800.66 |33478.87 |33119.54
T 0.199 0.195 0.192
0 263.70 258.12 253.99
1200 p 60.19 60.20 60.20
NP 55541.50 |55055.98 |54636.84
T 0.2 0.197 0.193
Q 309.36 304.55 298.02
1400 p 70.19 70.20 70.20
NP 82109.96 |81571.02 |80948.82
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Table 5.4.5
B\ o 0.03 0.04 0.05
T 0.196 0.193 0.189
[0) 216.09 212.66 208.00
0.1 P 50.19 50.20 50.20
NP 33800.66 | 33478.77 |33119.54
T 0.196 0.192 0.189
0 216.09 211.44 208.00
0.12 p 41.86 41.86 41.86
NP 23703.99 |23379.99 |23090.1
T 0.196 0.192 0.189
0 216.09 211.44 208.01
0.14 p 35.91 35.91 35.91
NP 16492.09 16195.71 15926.24
Table 5.4.6
S\0 0.03 0.04 0.05
T 0.198 0.193 0.189
Q 216.09 212.66 208.01
1.0 p 50.19 50.20 50.20
NP 33800.66 |33478.77 |33119.54
T 0.139 0.138 0.136
Q 150.83 149.75 147.50
1.2 p 50.23 50.23 50.23
NP 29246.19 | 29052.15 |28806.82
T 0.11 0.109 0.109
0 118.52 117.43 117.49
1.4 p 50.26 50.26 50.26
NP 26154.81 25982.42 | 25878.65
Table 5.4.7
a\r 0.03 0.04 0.05
T 0.196 0.197 0.197
0 216.09 217.31 217.31
1000 p 50.19 50.20 50.20
NP 33800.66 |33620.75 |33400.13
T 0.199 0.199 0.20
Q 263.70 263.71 265,17
1200 p 60.19 60.19 60.20
NP 55541.50 |55276.51 55073.32
T 0.2 0.2 0.201
Q 309.36 309.37 311.08
1400 p 70.19 70.20 70.20
NP 82109.96 | 81800.68 | 81579.41
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Table 5.4.8
B\r 0.03 0.04 0.05
T 0.196 0.197 0.197
0 216.09 217.31 217.31
0.1 p 50.19 50.20 50.20
NP 33703.99 | 33620.75 | 33400.13
T 0.196 0.197 0.197
0 216.09 217.31 217.31
0.12 P 41.86 41.86 41.86
NP 23703.99 | 23513.94 |23293.32
T 0.196 0.197 0.198
0 216.09 217.31 218.53
0.14 p 35.91 35.91 35.91
NP 16492.09 | 16294.80 | 16097.23
Table 5.4.9
S\r 0.03 0.04 0.05
T 0.196 0.197 0.197
0 216.09 217.31 217.31
1.0 P 50.19 50.20 50.20
NP 33800.66 | 33620.75 | 33400.13
T 0.139 0.14 0.141
0 150.83 152.01 153.19
12 D 50.23 50.23 50.23
NP 29246.19 | 29082.06 | 28917.52
T 0.11 0.111 0.112
0 118.52 119.69 120.86
14 p 50.26 50.26 50.26
NP 26154.81 | 26006.15 | 25856.88
Table 5.4.10
r\ O 0.03 0.04 0.05
T 0.196 0.193 0.189
0 216.09 212.66 208.00
0.03 P 50.19 50.20 50.20
NP 33800.66 | 33478.87 |33119.54
T 0.197 0.193 0.19
0 217.31 212.66 209.22
0.04 » 50.20 50.20 50.20
NP 33620.75 | 33258.4 | 32940.13
T 0.197 0.194 0.19
0 217.31 213.88 209.22
0.05 b 50.20 50.20 50.20
NP 33400.13 | 33078.53 | 32719.9
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Table 5.4.11
a\M 15/365 30/365 45/355
T 0.186 0.197 0.199
Q 216.09 217.31 219.75
1000 p 50.19 50.20 50.20
NP 33800.66 | 34008.20 |34277.55
T 0.199 0.2 0.202
Q 263.70 265.17 268.11
1200 p 60.19 60.20 60.20
NP 55541.50 |55821.50 |56200.15
T 0.2 0.201 0.203
Q 309.36 311.08 314.51
1400 p 70.19 70.20 70.20
NP 82109.96 |82473.46 |82981.34
Table 5.4.12
B\M 15/365 30/365 45/365
T 0.196 0197 0.199
Q 216.09 217.31 219.75
0.1 p 50.19 50.20 50.20
NP 33800.66 | 34008.20 |34277.55
T 0.196 0.197 0.199
g 216.09 217.31 219.75
0.12 p 41.86 41.86 41.86
NP 23703.99 |23888.59 |24116.73
T 0.196 0.197 0.199
#) 216.09 217.31 219.75
0.14 p 35.91 35.91 35.91
NP 16492.09 16660.32 | 16859.02
Table 5.4.13
S\M 15/365 30/365 45/365
T 0.196 0.197 0.199
0O 216.09 217.31 219.75
1.0 p 50.19 50.20 50.20
NP 33800.66 |34008.20 |34277.55
T 0.139 0.141 0.144
0 150.83 153.19 156.75
1.2 p 50.23 50.23 50.23
NP 29246.19 |29531.63 |29899.12
T 0.11 0.112 0.116
0 118.52 120.86 125.54
1.4 p 50.26 50.25 50.25
NP 26154.81 26480.60 | 26973.54
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Table 5.4.14
O\M 15/365 30/365 45/365
T 0.196 0.197 0.199
Q 216.09 217.31 219.75
0.03 p 50.19 50.19 50.20
NP 33800.66 |34008.20 |34277.55
T 0.193 0.194 0.196
0 212,66 213.80 216.31
0.04 P 50.20 50.20 50.20
NP 33478.87 | 33666.81 33957.11
T 0.189 0.19 0.192
Q 208.00 209.22 211.65
0.05 p 50.20 50.20 50.20
NP 33119.54 |33328.33 |33599.92

Observations:

The effects of various parameters on variables and objective function can be interpreted
from the above tables in the following tabular form.
Note :- T : Increase, | : Decrease, T : Significant Increase, | : Significant Decrease

T ~ : Marginal Increase, { ~ : Marginal Decrease, - : No Change

Keeping Constant B 0 r M )
T T T T T T
Increasing « 0 T T T T T
P T T T T T
NP m [l [ [ T
Keeping Constant 0 r M S
T — - — -
Increasing g 0 - - - —
p 4 d 4 |
NP [ 4 4 4
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Keeping Constant 6 r M
T l d {
Increasing & [0) 2 \: J
p l T T~
NP 2 d |
Keeping Constant 0 Keeping Constant M
T T~ T 1~
Increasing r 0 T~ Increasing 0 g l
p T~ J4 T~
NP !~ NP J

5.5 Conclusions :

In this chapter, a mathematical model is developed with stock-dependent and

selling price dependent demand when supplier offers permissible delay in payments. It

is observed that the results of sensitivity analysis are very consistent with the prevailing

economic incentives. Increase in the delay period results in significant increase in the

net profit of the customer. Increase in deterioration rate of units in the inventory system

decreases the net profit, keeping & or 8 under control, elongated delay period may result

in increase in the net profit. In future research, this problem can be extended to time

dependent deterioration rate
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Directions for future research

+ The models proposed in chapter 3 can be extended by taking demand to be a
function of selling price, time varying and stock dependent. Also they can be
generalized to allow for shortages and inflation rates.

+ The model proposed in chapter 4 can be extended to a two parameter Weibull
distribution deterioration. Further it can be extended by allowing shortages,
quantity discounts and inflation rates.

« The model in chapter 5 can be extended to time dependent deterioration rate.
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